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ABSTRACT

1. Basic properties of majorization. 2. Isotone maps and algebraic operations. 3.
Double sub- and superstochasticity. 4. Doubly stochastic matrices. 5. Doubly stochas-
tic matrices with minimum permanent. 6. Comparison of eigenvalues. 7. Doubly
stochastic maps.

INTRODUCTION

This paper is based on the lectures on majorization I delivered at
Hokkaido University and Toyama University in 1981. I have limited myself to
the discrete finite-dimensional case in the belief that all the essential aspects
of majorization theory can be understood in the discrete setting. The lecture
is self-contained except for the Hahn-Banach-type theorem, the Brouwer
fixed-point theorem, and the Lagrange multiplier theorem.

The paper is divided into three parts. Part I is classical. The basic
properties of majorization are given in Section 1, and the maps that preserve
majorization, i.e. isotone maps, are studied in Section 2. In part II structures
of doubly (sub- and super-) stochastic matrices are analyzed. The main point
of Section 3 is a condition for the existence of a doubly stochastic matrix
between two given matrices. In Section 4 the classical Birkhoff theorem is
proved together with Sinkhorn’s theorem on diagonal equivalence to a doubly
stochastic matrix. Section 5 presents a very recent topic: Egorychev’s solution
of the van der Waerden conjecture on permanents. Part III is devoted to

LINEAR ALGEBRA AND ITS APPLICATIONS 118:163-248 (1989) 163

© Elsevier Science Publishing Co., Inc., 1989
655 Avenue of the Americas, New York, NY 10010 0024-3795 /89 /$3.50



164 T. ANDO

comparison of eigenvalues and singular values of matrices in terms of
majorization. In Section 6 eigenvalues and singular values of sum and product
are studied. Besides, the supremum and infimum of Hermitian matrices are
discussed. Section 7 is an elementary introduction to a generalization of the
notion of majorization to C*-algebras.

1. MAJORIZATION

1. Basic Properties of Majorization
C" is the n-dimensional Hilbert space; for ¥'=(x,,..., xn)T and =
(yla‘ v yn)T

n
(£ 9) = Z ; and [T = (&, £)V2. (1.1)
Here each 1 is treated as a column vector. The trace of % is

tr(x) = Z x;=(x,€), where &= a,...,n". (1.2)
i=1

For any real n-vectors x, € R" their coordinatewise maximum and mini-
mum are denoted by ¥’V i and £ A ¥ respectively, and

£r=xVv0 and |x]=xV(-7%). (1.3)

For any subset I C {1,...,n}, denote by €, the n-vector whose jth compo-
nent is 1 or 0 according as j €I or €& I. Besides, we use

p————

&0 =(1,...1,0,..,0)". (1.4)

[I| will denote the number of elements in 1.
Given a real vector ©=(x,,...,x,) €R", let ¥ =(x;,...,x,)" denote
its decreasing rearrangement, that is,

X\ >xp2 - =X,
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are the components of ¥ in decreasing order. Similarly .= (x.,...,x.,)"

denotes the increasing rearrangement of x, so that

x.j=x;,_j+1, j=1,...,n.

(1.5)

x is said to be majorized by y (or § majorizes ¥'), in notation ¥ < ¥, if

Since

k
Z x;= max (¥, &}),
S om=e !

(1.6)

(L.7)

(1.8)

an equivalent form of (1.6) is that for any I € {1,...,n} (with |I|<xn—~1)

there exists J C {1,...,n} such that
III=1J1 and (x,e;) <(¥.¢&)),
while (1.7) means
(%) = (7).

Since by (1.5)

n n—k
Zx°j= E x}_ Z x,f,

i=1 i=1 i=1

majorization ¥ < ¢ is also expressed by the conditions

k k
Zx_jz Zy,]., k=1,....n-1,
j=1 j=1

Z X;= E Y.

j=1 j=1

(1.6)

1.7y

(1.9)

(1.10)
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« is said to be submajorized by i (or y submajorizes '), in notation ¥’ < ¥, if

k

k
Yx< Yy, k=1l..n (1.11)
j=1 j=1

Similarly & is said to be supermajorized by § (or § supermajorizes ¥), in
notation ¥ < v, if

k k
Zx.jz Zy.j, k=1,...,n. (1.12)
-1 j=1

i
Submajorization and supermajorization are stable under multiplication by
positive scalars, while multiplication by a negative scalar causes exchange of
their roles:

¥<y ifandonlyif —x< —y. (1.13)

Since ¥’ < ¢ is equivalent to the simultaneous occurrence of ¥'< ¢ and x’ <,
majorization is stable under multiplication by any real scalar.

Majorization (sub- or supermajorization) introduces a preorder into R™
Let us write ¥~y if ¥<% and %> y. Obviously this equivalence relation
*~ 3 means that ¥ is obtained by permuting the components of y, or
equivalently #'= I1§ for a permutation matrix II. Recall that a square matrix
IT is a permutation matrix if each row and column has a single unit and all
other entries are zero; in other words, there is a permutation 7 of indices
{1,...,n} such that II= (8,,,}). The order structure introduced by sub- or
supermajorization gives rise to the same equivalence relation as ~.

Let us enumerate several examples of natural occurrence of majorization
relation.

ExampLE 1. Given a vector § € R", consider the two sets
Y,={x:¥<y} and Y*={x:2>y}.

Since ¥'<y implies y;>x;>y,, j=L....n, the set Y. is topologically
bounded, and has a minimum vector with respect to the preorder <. In fact,
[tr(7#)/n]e is the minimum vector. The set Y* is not, in general, topologi-
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cally bounded. But if >0, then Y* is bounded from above and has
tr(#),0,...,0)T as a maximum vector.

ExampLE 2. If ¥=i(w) is a random n-vector on a probability space,
then the average (i.e. mean) vector of x is majorized by that of the
decreasingly rearranged random vector 1’

E(X) < E(X).
This follows from the identity (1.8):

max <E(x e,) (max <f’, é}>)

1=

éx;) = ijE(x;.).

j=1

ExampLE 3. In Example 2 above, let x (@) = x A, (w), j=1,...,n, where
Xa, is the characteristic (or indicator) flmctlon of an event A, Con51der the
new events defined by

B;:= {atleast jof A,,..., A, occur}.

Then it follows that

Z XB("")— max E XA("")

j=1 ]EI

Therefore we arrive at the following statement. If a, is the probability of
event A, j= ,n, and if b; is the probability that at least j of
A,,.. A occur, then a<b.

Let us turn to a characterization of submajorization in terms of a
rearrangement-free parameter.

THEOREM 1.1. %< ¢ if and only if

(- t&) <t(f—t&)"  forall teR. (1.14)
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Proof. Suppose x < . The inequality (1.14) holds obviously for ¢ > x;.

Ifx;>t>x;,, (with x, = —c0),
.k k
tr(x—te) = ), (x;.—t)= > x;—kt,
i=1 j=1
while
. R k + k
tr(g—te) > ) (y].'—t) > ) yj—kt.
i=1 j=1

Now the inequality (1.14) results from definition of ¥'< ¢.
Suppose, conversely, that (1.14) is true. For small ¢, the inequality (1.14)
leads to tr(%) < tr(y). Next, put ¢ = y;. Then, as above,

k
w(g—12) = ¥ v, -k,
j=1

while

k
w(f-12) > ¥ x;—kt,
i=1

which yields by (1.14) Z¥_ jx; < Zf_1y;. ]
CoroLLARY 1.2. ¥ <y if and only if
tr|x — te] < tr|y — 2] forall teR. (1.15)
Proof. (1.15) follows from (1.14) and tr(x") = tr(¥), via a general relation
|2+ Z=22*  for ZER" (1.16)
Conversely the inequality (1.15) for large ¢ yields
tr(te— ) < tr(te — y);

hence tr(x) > tr(y). Similarly the inequality for small ¢ yields tr(X) < tr(y).
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Therefore (1.15) implies tr(x") = tr(y). Now (1.14) follows from (1.15) and
tr(X) = tr(y) via the relation (1.16). Now appeal to Theorem 1.1. [ ]

For #€R™ and t'€R", let us denote by (#, ¥) the (n, + ny)-vector
(ul,...,unl,vl,...,o,,z)T. An easy consequence of Theorem 1.1 is that if
O 7O eR™, and ©®, §@® € R, and ¥ is majorized (submajorized) by
7@, i=1,2, then (¥®, ¥®) is majorized (submajorized) by (¥, 7#®). In
particular,

<y ifandonlyif (%, 72)=<(7, 7). (1.17)

For the statement of a basic theorem on majorization we need the notion
of double stochasticity of a matrix. An n-square matrix A = (a; ) is said to be
doubly stochastic if all entries are nonnegative and each column and each
row sums to one:

a,;>0, i,j=1,...,n, (1.18)
n
Y a,=1, i=l,...,n, (1.19)
i=1
n
Y a,;=1, i=1,...,n. (1.20)

j=1
The condition (1.18) means
(positivity-preserving:) AT>0 whenever x>0, (1.18)
while (1.19) and (1.20) are equivalent, respectively, to
(tracepreserving:) tr(Ax)=tr(z)  forall i, (1.19)
(unital:) Ag=e¢. (1.20)

A matrix is trace-preserving if and only if its adjoint is unital. The class of all
n-square doubly stochastic matrices is closed under matrix multiplication,
adjoint formation, and convex combination; if A, B are doubly stochastic, so
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are A*, AB, and tA+(1 —¢)B for all 0 <t < 1. Any permutation matrix is
doubly stochastic.

TueoreM 1.3. The following conditions for x, § € R" are mutually
equivalent:

(i) ©<y.

(i) There exist a finite number of vectors 2@, ..., ™) € R" such that

F=7O0>70s ... » 7N 7 (1.21)

and such that, for allk, z® and z*V differ in two coordinates only.
(iii) % 'is a convex combination of coordinate permutations of .
(iv) ¥'= Ay for some doubly stochastic matrix A.

Proof. (i) = (ii) by induction on the dimension n. The case n =1 has
nothing to prove. Suppose the implication (i) = (ii) is true for all cases of
dimension less than n. Let #, € R” and ¥<y. Since ¥~x" and ¥~y ,
and each coordinate permutation is obtained by successive applications of
permutations that exchange two coordinates only, we may assume that ¥ =%"
and =¥ " Since ¥'< § implies y, > x, > y,,, take k such that y,_, > x, > y,.
Find ¢ such that 0 <t <1 and x,=ty, +(1 — ¢)y;, and let

T
FO= (x4, Yo (L= Y1+ Y Ypi 15 ¥a)
Then 2V and 7@ = i differ only in coordinates 1 and k. Since in R?
T
(tyl +(1-t)y,(1—-t)y, + tyk) < (v yk)T’

(1.17) implies z® < 2©, Claim: the (n— l)-vector x":=(x,,...,x,)" is
majorized by the (n — 1)-vector.

- T
7= (ygo > G (L= )y + W Y155 Ua)

For2<l<k-1,y;2 - 2yp_,2x,>2 %, - implies

1 1
ij< Zyj’
i=2

ji=2
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while for k<I<n

k—1 1

!
Zy,+(1 Dy +ty+ Y y;= L Y-,
]— ] k+1 ]=l

l

ZZx—xl Zx

ji=1

The last inequality becomes equality when [ = n. This establishes the claim.
By the induction assumption there exist a finite number of vectors
B9 ..., 8P¥ Y e R ! such that

!_/”=‘IB(O)>!B(1)> >u_5(N 1)—x_”

and such that, for all k, @*~V and @® differ in two coordinates only. Now
Z® = (x,, 8¢ D), k=2,..., N, satisfy (1.21).

(ii) = (iii): At each k, O =[¢I +(1 — t)[T1]2* Y for some 0 < t < 1 and
a permutation matrix IT that interchanges two indices only. Now (iii) follows
from the fact that any product of permutation matrices is again a permuta-
tion matrix.

(iii) = (iv): This results from the fact that any convex combination of
permutation matrices is doubly stochastic.

(iv) = (i): Suppose that x¥’'= Ay for a doubly stochastic matrix A. Since A
is unital,

x—te=A(y—te) forall teR.
Then the positivity-preserving property of A implies
|X¥—te] < Aly—te] forall t€R.
Finally since A is trace-preserving,
tr|¥ — te] < trAly — té] = tr|y — te] forall t€R.

Now (i) results from Corollary 1.2. [ |

The above proof also shows that the doubly stochastic matrix in Theorem
1.3(iv) can be required to be the product of at most n —1 matrices of the
form ¢ +(1 — t)II, where 0 < ¢ <1 and II is a permutation matrix that just
interchanges two coordinates.



172 . T. ANDO

Another special class of doubly stochastic matrices is related to unitary
matrices: if U= (u, ;) is unitary, the matrix (|u; j|2) is doubly stochastic. In
particular, any real unitary matrix produces a doubly stochastic matrix in this
way.

TueoreM 1.4, The doubly stochastic matrix A in Theorem 1.3(iv) can be
required to have the form

A=(|u..2) for a real unitary matrix U= (u,;). (1.22)

Proof by induction on the dimension n. The case n=1 is trivial.
Suppose that the assertion is true for all cases of dimension less than n.
Remark that ¥'= Ay with A satisfying (1.22) means that Udiag(y)U* has ¥
on its diagonal, where diag(¥) is the diagonal matrix with diagonal vector 7.
In the proof of the implication (i) = (ii) of Theorem 1.3, define a real unitary
matrix V by

op=ovu=Vt, ou=Vl-t, oy=-Vl-t,

v,;=8;;  forotheri,j.

Then Vdiag(§)V* has " on its diagonal, and the other nonzero entries
appear at (1,k) and (k,1) positions. Since the (n—1)-vector ¥’ =
Wer- > Y1 (L— )Y + W Ui 1r---» ¥,) is proved to majorize x” =
(x5,...,x,) according to the induction assumption, there exists an (n —1)-
square real unitary matrix W such that Wdiag(y")W* has x” on its diagonal.
The n-square real unitary matrix

= 1 0 .
v=(3 &)V

meets the requirement. =

Let us add one more interesting example of natural occurrence of
majorization.

ExampLE 4. Let A be a Hermitian matrix. Denote by X(A) the n-vector
of its eigenvalues, arranged in any order, and by 8(A) the diagonal vector.
According to the spectral theory there exists a unitary matrix V = (v, ;) such
that

A =Vdiag(X(A))V*. (1.23)
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With P = (|v,.j|2) it follows from (1.23)
§(A)=PX(A).

Since P is doubly stochastic, 5(A) <X(A).
Combination of Corollary 1.2 and Theorem 1.3 yields that a linear map T
defined on span(i, €), the linear span of y and &, by
T(sj+te)=sx+te, s,teR,

is extended to a stochastic linear map, that is, a positivity-preserving and
trace-preserving linear map, if and only if (1.15) holds. The following theorem
gives a general treatment of this type.

THeOREM 1.5. Let A be a (real linear) subspace of R", and T a (real)
linear map from A to R™. Then T admits a stochastic linear extension, that
is, there exists a stochastic linear map A from R" to R™ such that Ax'=Tx
forall x€ A if and only if

N N
tr(vwi>)<tr(\/f<f>) forall ¥De#.  (1.24)
j=1 i=1

Here Vv {_\x'V, for instance, is the coordinatewise maximum of ¥V,..., ™.

Proof. Suppose first that T admits a stochastic linear extension A. Then

N
<tr| A| V f'(f))) (positivity-preserving)
i=1
N
=tr| V E"”) (trace-preserving).
i=1

Suppose conversely that T satisfies (1.24). Identifying the space R*™ with the
m

p———— it
direct sum R"® - - - ®R", let us denote a vector in R*™ by ¥ = (x'V,..., x(™))



174 T. ANDO

with ” € R", j=1,...,m. Define a real-valued function(al) p(¥) on R"™
by

p(3) =tr( V f’(”). (1.25)
ji=1

p is subadditive and positively homogeneous, that is,

p(x+y)<p(X)+p(y) and p(iX)=tp(¥) for t>0.

Let .4 be the subspace of all ¥ = (..., ™) with ¥ € #, i=L...,m,
and define a linear function(al) ¢ on ./l{ by

m

¢(77)= Z <T’?(j)’ézj)>’

i=1

where

0 .
&p=1(0,...,0,1,0,....,0)" of R™, j=1,...,m

Then the condition (1.24) implies

(%) < < V 15, Z & >=tr(j{n/ Tf’(j))

ji=1 i=1

tr( Vv f'(f)) = n(3).

j=1

According to a theorem of the Hahn-Banach type, ¢ can be extended to a
hnear function(al) ¢ on the whole space R"™ such that ¢ coincides with ¢ on
M, and

$(?)<p(?)=tr( VE’U)) forall ¥eR"™. (1.26)
=1

i

There exist uniquely ¥’ € R", j=1,...,m, such that

$(%) = Z( D, gy forall ¥eR"™, (1.27)
j=1



MAJORIZATION 175

Define a linear map A from R" to R™ by
AT = ((F,@D),... (£, a™))". (1.28)
Given ¥ € A and 1 < k < m, consider the vector

*)
£4=(0,...,0, ¥ ,0,...,0).

Then it follows from the definitions (1.27) and (1.28) that
(T%, &) = $(%iry) = $(T))
= (£,d@0) = (A%, g,)).

Since ¥ € A and k are arbitrary, this shows that A coincides with T on .#.
A is positivity-preserving. In fact, for 0 < ¥ € R", consider ?( x) as above; then
(1.26) implies

(=%,a®)=¢(-%y) <p(-Fp)

=tr(x")=0,

which shows @® > 0. Finally A is trace-preserving. For ¥ € R", consider
x =(%,..., ). Then (1.26) implies

tr( AT) = $(F) < p(F) = r(¥),
and similarly
tr(A( - %)) < — tr(%). [
The case of dim(.#)=2 gives a direct generalization of Corollary 1.2.

CoROLLARY 168. Let 0<¥P€R™ and 0<yPe€R", i=1,2. There
exists a stochastic linear map A such that A7 =x®, i =1,2, if and only if
tr(g) = tr(x(')) i=1,2, and

tr|D + @) < trlgy® + ty@|  forall t<R. (1.29)
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Proof. “Only if” is proved just as in Theorem 1.5. Suppose that tr(5®)
=tr(¥), i =1,2, and (1.29) is fulfilled. An immediate consequence is that

T(ag® +B7P) = a¥® + BF®  forall «,BeR

well defines a linear map from span(g‘V, ¥®) to R™. To appeal to Theorem
1.5, it is enough to show that for any aj, ,B]. €R, j=1,...,N,

N N
tr[ v (ajf"l)-f-ﬂjf"z))} @[ Y (ajg<l>+pjg<2>)]. (130)
i=1

j=1
The function
N
f(s) = V (ajs+Bj)
i=1
is continuous and convex, and there exist s; < --- <s,, such that f{(s) is

linear on ( —o0, §,], [s3,%0), and each [s,,s;,,], k=1,...,M—1. Let
so=58,—1 and s_=s, +1. The convex function f(s) has right derivative
f'(s) which is a nondecreasing function. Simple computation will show the
following representation:

F(s) = F(s) + (s = 50) F () + ff(s—t)*df'(t);
then for any u, v >0

V (aju+ Byo) = flso)o+(u=so0)f (s0) + [ “(u=t0) " df (2).

ji=1

(1.31)

Since ¥ > 0, i =1,2, in the sense of a vector-valued integral, (1.31) implies

N
V (a4 ,2)

i=1

= (50)E® + f/(50)(FV = 567®) + [“(£V - e7®) " df (1),
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and consequently

tr[ \7 (o, +ij*2’)] = fso)t(F®) + £/(50) {tr(FP) = 5, tr(F®) )
]

Pe1

+f (20— 7Y dF(s). (1.32)

The corresponding identity holds with §*) instead of ©**, i =1,2. Now since
(1.29) together with tr(x¥) = tr(5¥), i =1,2, implies, as in the proof of
Corollary 1.2,

(20— 79) < (O - 7 ®) ",

the inequality (1.32) and the corresponding one with ', i=1,2, yield
(1.30), because f'(t) is increasing. u

Now let us turn to a study of sub- or supermajorization. Remark first of all
that

¥<y i T<y (1.33)

TrHEOREM 1.7. Suppose that @ < §f and T< y. If f < T, then there exists

P

Xsuch that <y and U< X< 0.

Proof by induction on the dimension n. The case n =1 is trivially true.
Suppose that the assertion is true for all the cases of dimension less than n.
Let

(t)=(1-t)u+t0 for 0<gt<l.

Then ¥ < x(t) < v, and x(0) = &< y. Let ¢, be the maximum of all ¢ such
that x(t) < ¢. If ¢, =1, then %(1) = ¥’ is submajorized and supermajorized by
; hence ©':= ¢ meets the requirement. If ¢, <1, in view of the maximum
property of ¢, there exists 1 < k < n such that

k . k
)y x(to) ;= )y Yj- (1.34)

=1 i=1

We may assume here x(t,) = £(t,). Then the k-vector (x(%,),,..., x(t,):)" is
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majorized by the k-vector (y;,..., y;)". Consider the (n — k)-vectors

T=p0y) s @=(u,0..ou,),

7= (Ogy1seeer0,)" and @ =(2(to)s 1. 2(85),)".
Since (1.34) implies

=3y —y -~

W<y, 0"<y, and WKWV,

according to the induction assumption applied to the triple y’, ', and ¢”,
there exists an (n — k)-vector ¥’ such that ¥’ < ¢” and &' <’ < ©”. Then
the n-vector x'== (x(%y),, ..., *({,)x, ¥ ') meets the requirement. |

Before stating a corollary, let us introduce some notions used subse-
quently. A square matrix B =(b;;) is said to be doubly substochastic if all
entries are nonnegative and there exists a doubly stochastic matrix A = (a; i)
such that

0<b,<a;; foralliandj. (1.35)

ij
Correspondingly a square matrix C = (c;;) is said to be doubly superstochas-
tic if there exists a doubly stochastic matrix A = (a,;) such that

Gij>ay;

for all i and j. (1.36)
CoroLrLarY 1.8. The following conditions for #, y € R" are mutually
equivalent:
(i) v<y.
(ii) There exists X such that X <y and @' < *.
(iii) (Under the assumption §> 0, 4> 0) there exists a doubly sub-
stochastic matrix B such that i = By.

Proof. (i) = (ii): For sufficiently large ¢t the vector te is supermajorized
by ¥ and ¥ < té, and Theorem 1.7 can be applied.

(ii) = (i) follows from (1.33).

(ii) = (iii): According to Theorem 1.3, ¥'= Ay for a doubly stochastic
matrix A. Then the matrix B:= diag(#/%)-A meets the requirement, where
i /x is defined by coordinatewise division with the convention 0,/0 = 0.

(iii) = (ii) follows from the definition of substochasticity via Theorem 1.3.

|
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A corresponding assertion holds with supermajorization and double super-
stochasticity.

CoroLLARY 1.9. Suppose that ¥, 4> 0 and §=X*_,4 with § > 0,
ji=1,..., k. If ¥'is majorized (sub- or supermajorized) by y, then there exists
a decomposition ¥=1*_ 5D such that ¥ > 0 and 9 is majorized (sub-
or supermajorized) by ¥, j=1,..., k.

Proof. According to Theorem 1.3 and Corollary 1.9, ¥'= Ay with dou-
bly stochastic (sub- or superstochastic) A. Let ¥ = Ay), j=1,....k. =

Note. A history of development of the notion of majorization is de-
scribed in the monograph [51]. Physicists use the reversed notation ¥> 4 to
denote that %" is majorized by ¢ in our sense; they say that ¥’ is more chaotic
than i (see [2]). The basic result (Theorem 1.3) is due to Hardy, Littlewood,
and Pélya [35] and also to Rado [64]. Theorem 1.4 is in Horn [36]. Theorem
1.5 is found in Alberti and Uhlmann [1, 2}; F. Niiro has communicated an
equivalent form. For related topics, see [8), [68], [25, 26], and [56]. Corollary
1.6 is proved by Ruch, Schranner and Seligman [66] by a different method.
For Theorem 1.7 and its relatives, see Fan [23] and Chong [15, 16].

2. Isotone Maps and Algebraic Operations

R" (and R™) is provided with the usual order structure <. A map ® from
(a subset of) R" to R™ is said to be monotone increasing if it is order-preserv-
ing, that is, if

®(x) < ®(y) whenever xr<y. (2.1)
® is said to be monotone decreasing if — @ is monotone increasing. When @

is linear, it is monotone increasing if and only if it is positivity-preserving.
Another notion of importance is convexity. ® is said to be convex if

O(tr+(1-t)y) <t®()+(1—-t)®(¥) for 0<t<l. (2.2)
® is said to be concave if — ® is convex.
R" (and R™) is also provided with the preorder structure of majorization.

A map ® from (a subset of) R" to R™ is said to be isotone if

®(X) < () whenever T<y. (2.3)
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Very often the word “Schur-convex ” is used instead of ““isotone.” This notion
admits two natural specializations: ® is said to be strongly isotone if

®(x) <®(y) whenever <y, (2.4)
while it is strictly isotone if
®(x) <®(y) whenever ¥<y. (2.5)

In this section the domain of definition for a map is always assumed to be a
convex set that is invariant under all coordinate permutations.

TreoreM 2.1. If a map @ from R" to R™ is convex and if for any
permutation matrix I1 (of order n) there exists a permutation matrix 11 (of
order m) such that

Ne(x) =o(1lx)  fordlx, (2.6)

then ® is isotone. It becomes strongly isotone if, in addition, it is monotone
increasing.

Proof. Let £'<4 in R". According to Theorem 1.3 there exist ¢; > 0 and
n-square permutation matrices [1”, j=1,..., N, such that

N N

= = Ny
th—l and x—thny.
i=1 i=1

Then

N
< ~21 t;,®(I1PF)  (convexity)
i=

N

= Y t,[190(y) by (26),
j=-1

which yields, again by Theorem 1.3, ®(x) < ®(¥).
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Suppose now that, in addition, ® is monotone increasing. If & < i in R",
by Corollary 1.8 there exists " such that & < ¥’ <. Then ®(x) < (%) and
®(w) < ¢(x") by monotony, hence ®(&) < (¥). |

Any real-valued function f(t) defined on a (finite or infinite) interval @ of

the real line can induce a map, denoted by the same letter, from @ X - - X Q
to R" by
&)= (flxy),.... fx,)). (2.7)

CoroLrLary 2.2. If f(t) is convex, the map f(X) is isotone. If, in
addition, f(t) is monotone increasing, f(X) is strongly isotone.

Proof-. Thg convexity of f(t) implies that of the map f(x), and (2.8) is
satisfied with II = II. |

Take f(t)=|t|, t2 or t* to obtain the following:

|¥]<|y| whenever ¥ <4 (2.8)
X2 < y* whenever *<1{; (2.9)
X+ <y* whenever ¥<{y. (2.10)

When m =1, ®(%) is a real-valued function, and the condition (2.6)
implies its permutation-invariance:

®(IIx) =®(x)  for all permutation matrices II.

This condition is also necessary for the isotony of the function ®, because
%~ ¢ implies ®(x) = ®(y).

CoroLLary 2.3.  If ¥(%) is a convex function on R", then the function
defined by

(%)= ml?x\lf(l"[i’),

I1 running over all permutation matrices, is isotone. If, in addition, ¥ is
monotone increasing, ® is strongly isotone.

In fact, ® is convex and permutation-invariant.



182 T. ANDO

CororLaRrY 2.4. If f(t) is a convex function on R, for any 1<k<n
the function on R" defined by

k
*®(x) = max 3 flx, ),
"'Ex-j=1 I

where &, is the set of all permutation of order n, is isotone. In particular

(T = ): flx;) =t £(%)]

i=1
is isotone. If, in addition, f(t) is monotone increasing, these functions ®*)
are strongly isotone.

Remark that when f(t)=t¢,
k
o®(x) = Ex}, k=1,...,n—1,
i=1

() = tr(F).

Therefore the submajorization x" < y is recovered by using n strongly isotone
function ®®, k=1,...,n.

Let us present some simple examples of isotone functions along the line of
Corollary 2.4:

Examere 1. The deviation function is isotone:

V(&)= (x].— tr(# )2.

j=1 n

ExamprE 2. The entropy function is isotone on the set of positive
vectors:

H(%)= ) x;logx; (with 0.c0=0).
i=1
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THEOREM 2.5. Suppose that a real-valued function ®(x) = ®(x,,...,x,)

is differentiable in any argument x ;, and write ®;, = (3/9x)®, j=1,....n.
Then ® is isotone if and only if the following two conditions are satisfied:

(a) ® is permutation-invariant.

®) (x;— xj){q)(i)(’?) - q)(j)(ﬂ} >0 forall ¥'and i, j.

Proof. Suppose first that ® is isotone. Then (a) is obvious, and it suffices
to prove (b) with i =1 and j = 2. Given ¥'=(x,,...,x,), define, for 0 <t <1,

() =((1—t)x,+ txy, tx, + (1= )25, %5,...,x,)" . (2.11)

Since x(t) < ¥ = x(0), the isotony implies

_(I)(F(t)) = _(xl—x2){®(1)(f)—(I)(Z)(x—’)}7

t=0

which proves (b) for i=1and j=2.

Suppose conversely that (a) and (b) are satisfied. In view of Theorem 1.3
and the permutation invariance (a), ® will be isotone if ®() < ®(x)
whenever

F=(xp,...,%,)" and @=((1-s)x,+sxy, sx,+ (1= s)x5,%5,...,%,)"

for some 0 < s < . Define (¢) by (2.11). Then
(&) - (%) = j = ®(F(1)) dt

- f:(xl_ x5){ @(%(t)) — Doy(£(2)) ) dt

_ _fsx(t)l x(t)2{

®(%(¢)) — q’&)(’?(t))}

<0 (by(b)andO0<s<i).

This completes the proof. [ |
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This theorem has a lot of applications. Let us cite only one. The kth
elementary symmetric function S, (%) is defined by

Su(x) =8 (xy,...,x,) = Exil S X, (2.12)
where the summation is extended over all choices i, <i, <... <i,.

ExampiE 3. For any 1 < k < n the function S (%) is antiisotone, that is,
— §,(%)) is isotone, on the set of positive vectors.

In fact, ®(x):= — S(¥) is permutation invariant, and
(xl—xz){q)(l)(’?) _q)(z)(f)}
= — (2= 1) {Sacalxes x50, %) = Seca(x, 25,00 %,) )
= (2, 25)%S;_o(x5,...,%,) > 0.

The particular case k = n yields

n n
[Ix;>[1y; whenever &, 4>0and <. (2.13)
j=1 1 =1

The inequality (2.13) produces the Hadamard determinant theorem: if A =
(a;;) is a positive (definite) matrix,

det(A) < []ay; (2.14)
j=1

In fact, it is pointed out in Section 1 that the diagonal vector_’g(A) is
majorized by the eigenvalue vector A(A). Since both 6(A) and A(A) are
positive, by (2.13)

n n
det(A)=TIA(A)< [lay;
j=1 ji=1
Isotony turns out to be a too restrictive condition for a linear map.

THEOREM 2.6. Let A be a linear map from R" to R™. Then the
following conditions are mutually equivalent:

(i) A is strictly isotone.

(i) A is isotone.
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(iii) Ax ~ Ay whenever '~ y.

(iv) For any permutation matrix I1 of order n there exists a permutation
matrix 11 of order m such that

AIl=T1IA. (2.15)
Proof. The implication (i) = (ii) = (iii) is trivial. Since A is convex,

(iv) = (i) follows Theorem 2.1.
(iii) = (iv): Let the linear map A be represented in the form

AT=((&,aDy,... (z,a™))". (2.16)

Then condition (iv) means that any permutation matrix 11 of order n causes
a permutation 7 € .%, such that

M@ =a®, j=1,...,m. (2.17)

Let us derive (2.17) from (iii) by induction on the dimension m. The case
m =1 is trivial because condition (iii) means that

(x,aV)y = (Ix,a®) for all x’,
or equivalently IT*a¥ =a®. Suppose that the implication (iii) = (2.17) is
true for all the cases of dimension less than m. To prove (2.17) for m, we ma
p y
assume that @V has maximum norm:
@M =)1a?,  j=2,....,m. (2.18)
First claim that for any permutation matrix IT there exists @’ such that
p

[I*a® = g®, Apply (iii) with ©'=a® and = I1*@Y to find a permutation
w € %, such that

((H*&'“),ﬁ'(“),...,<H*if(”,6"'")>)T
= (@D, @™y,... (@v,amy)"
Take k with 7, = 1. Then

(@0, IZ®) = (IT*@®, a®) = (@O, a®). (2.19)
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Since by (2.18)
IT@®) =1a®| < [ja™|,

according to the Cauchy-Schwarz inequality (2.19) is possible only when
IIa® =aW, or equivalently IT*a® =a®. The claim being established,
there exists a subset & of {@'¥:j=1,...,m} such that @V € o and
II*() C o for all permutation matrices I1. Let <, be the minimum, that
is, the intersection of all such 2/’s. We may assume that for some 1 < m, < m

oLy = {ﬁ’(f):j=1,...,ml}.

The requirement of minimumity indicates that each IT* causes a bijection of
;. Then it follows from (iii) that the linear map A from R" to R™™™
defined by

Ar=((F, @™y, (&, d™)"

satisfies (iii), and according to the induction assumption each IT* causes a
bijection of {@*?: j=m,+1,...,m}. This completes the induction. |

CoROLLARY 2.7. Any isotone linear map A from R" to itself has one of
the following forms:

(a) AX' = tr(X)a for some a’ € R".
(b) Ax' = allx’'+ B tr(X) € for some a, B € R and permutation 11.

Proof. Let us use the representation (2.16). If @@ (or any @®) is not a
scalar multiple of &, but if all but one component of @ (or any @*) are
same, the orbits {II*@"} contain exactly n distinct members when II
ranges over all permutation matrices. According to (2.17) the orbits coincide
with {@®,..., @™ }. In this case A has the form (b). If all the components of
a® (or any a®) are same, A has the form (a). No other case can occur. For,
otherwise, the orbits { II*a®} would contain more than n distinct members,
which contradicts (2.17). n

The proof of Corollary 2.7 shows that any isotone linear map A form R”
to R™ with 1 < m < n has the form (a) for some @€ R™. In particular, any
isotone linear function, i.e. m =1, is a scalar multiple of the trace.

Our next task is to study compatibility of definite algebraic operations
with majorization. Already some unary operations were observed in (2.8) to
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(2.10). To give a unified treatment for basic binary operations, let us
introduce a notion. A real-valued function ¢(s, t) defined on R2 or R? is said
to be lattice-superadditive if

O(s1 1)+ D595 b) <P,V 82,81V ta) + d(51 A 85,1, A ty).
Here recall that s, V s, = max(s,, s,) and s; A s, = min(sy, 8,). ¢ is said to
be monotone if it is either monotone increasing in each argument or

monotone decreasing in each argument. Each function ¢(s, t) induces a map
(X, ) from (a subset of) R” XR" to R" by

&(2,7) = (¢(x1,41),-, 0(x,, 9,)) "

TueoreM 2.8. If ¢(s, t) is monotone and lattice-superadditive, then for
any X,y R"

(F,7.) < (%, §) <o(F.7 7). (2-20)
Proof. As in the proof of Theorem 1.3, it can be shown that there exist a
finite number of vectors 2@, ..., ™ € R" such that
G =70~ ~FD =G U~ g

and such that, for each k, 2**Y is obtained from z* by interchanging two
components, z{* and zY" say, such that

i<j and 2{¥>z(® (2.21)
Therefore to prove (2.20), it suffices to show that
$(%, 74+D) < o(7, 20, (2.22)
under the assumption ¥'= ¥ that is,
X=Xy 2 0 2 X, (2.23)

In view of the definition of ¢(%, ¥) and the assumptions (2.21) and (2.23), the
majorization (2.22) will follow from the following two-dimensional majoriza-
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tion: if s, > s, and ¢, > ¢, then

(6(s1, 1), 3(s2,11))" < ($(s1,21), 8(55,82)) " (2.24)
But (2.24) is equivalent to saying that
d(s1,t2) V (59, 81) < b(s51,8,) V d(50,25) (2.25)
and
d(s1,t2) + (59, 81) <d(s1, 1) + (85, 85)- (2.26)

Now (2.25) follows from the monotony of ¢, while (2.26) follows from the
lattice superadditivity. =

Examples of monotone, lattice-superadditive functions are

o(s,t)=s+t onR? (2.27)
o(s,t)=sAt onR? (2.28)
(s, t)=st on R%. (2.29)

Then Theorem 2.8 produces the following majorization relations:

TAHG<T+G<T+§  for TFER" (2.30)

TGS G<EG for 7,j<R", (2.31)

TAY<TAY=<EAY  for ¥, jER, (2.32)

TVY<TVG=<TVy  for 7, j€R™ (2.33)
CoroLLARY 2.9. Forany x,y < R"

(0. < (X, 9) <259 (2.34)

Proof. When X, 7 > 0, (2.34) results from (2.31). For general ¥, y, take ¢
so large that ¥+t2>0 and y+ >0, and apply what has been just

established. n
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The following lemma is useful for constructing new monotone, lattice-
superadditive functions from old ones.

Lemma 2.10.

(a) If f(t) is monotone increasing and convex, and if o(s,t) is monotone
increasing and lattice-superadditive, then the function

¥(s,t) = f9(s,t))

is monotone and lattice-superadditive. In the case of ¢(s,t) = s + £, increas-
ingness of f{(t) can be replaced by decreasingness.

(b) If f(t) is monotone increasing or decreasing, and if ¢(s,t) is
monotone and lattice-superadditive, the function

¥(s,t) = o(f(s), f(t))

is monotone and lattice-superadditive,

Proof. (a): The monotony of i follows from those of ¢ and f. The
convexity of f and the monotone increasingness of ¢ imply

V(s Vso, t; Vi) — (s, t))
> f{o(s1V 80,8,V 82) = 051, 11) } + 651 A 85,8 A 1))
— f(o(s1 A 59,8, A L))
> f(9(s2: 1)) = fle(s1 A 55,1 A 85))

because (2.20) is valid for ¢ and f is monotone increasing; and in the case of
¢(s,t) = s+t increasingness of f is not necessary.

(b) is immediate, because f preserves V and A, or converts V (A) to
A (V). »

THueoreM 2.11. Let x, § be positive vectors in R".
(@) log(X + 7.) < log(X+ ¥) < log(x"+ 7 ).

(b) log(x-y.) <log(x"§) < log(xy ).

(c) log(x"A g.)<log(x'A ) <log(x"Ay").

() log(Z"V 7)< log(XV ) < log(X"'V 7).
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Proof. In view of Lemma 2.10, —log(s+¢), log(st), log(s A t), and
—log(s V t) are monotone and lattice-superadditive, and Theorem 2.8 can be
applied. u

Remark that the majorizations in Theorem 2.11 are sharper than those
given in (2.30)—(2.33). For instance, given «, § € R", apply (b) of Theorem
2.11 to exp(x’) and exp(7) to get (2.30).

Taking the trace in Theorem 2.11 produces the following rearrangement
inequalities for %, ¢ > 0:

n

jlfll(x}+yj)<’li[l(xj+yj)<]l:[1(x}+y.j), (2.35)
j:l(x}/\y.,-)Sinll(xj/\yj)<]l:[1(x}Ay]T), (2.36)
.ﬁ("}vyfk [T (x;vy)<TL(x;vy.,;) (2.37)

j=1 j=1 j=1

Note. The importance of convexity in connection with majorization
(Corollary 2.2) was recognized by Hardy, Littlewood, and Pélya [34]. For the
ordering of probability measures in terms of convex functions and the
so-called Choquet theory, see Alfsen [4]. The fundamental result (Theorem
2.5) is due to Schur [71] and Ostrowski [62]. Schur [71] discovered the
antiisotony of elementary symmetric functions on the set of positive vectors
and found a new approach to the Hadamard determinant theorem. Various
examples showing the usefulness of isotony are found in [51] and [58].
Theorem 2.6 is due to Chong [14], while Theorem 2.8 and its relatives are
due to Day [18]. Lattice superadditivity is discussed in [47]. Corollary 2.9 is
in Hardy, Littlewood, and Pélya [35]. For Theorem 2.11 and related inequali-
ties, see Day [18], London [46], Minc [52], Mirsky [54], and Rudermann [67].

Most of the notions and the results of Part I can be generalized to
measurable functions. See [17] for exposition. The notion of majorization
plays an important role in the interpolation theory of linear operators (see the
monograph [42]). There is a multidimensional generalization of majorization
which produces many integral inequalities: see [10] and [49]. Applications of
majorization to physics can be found in the monograph [31], and to statistics
in [51] and [79].
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II. DOUBLY STOCHASTIC MATRICES

3. Double Sub- and Superstochasticity
Let us begin with a characterization of double stochasticity in terms of
majorization.

Tueorem 3.1. The following conditions for an n-square real matrix A
are mutually equivalent:

(i) A is doubly stochastic.

(ii) Ag’= ¢ and tr|Ax| < tr|x] forall ¥€R"
(iii) AX' <% for all ¥ € R".

(iv) Ax <X forall 0¥ R™

Proof. (i) = (ii) = (iii) follows from Corollary 1.2 and Theorem 1.3, and
(iii) => (iv) is trivial.

(iv) = (i): Since z'< % implies x, < z;<x; for all j, Ax¥<x and ¥>0
yield AX'> 0, that is, A is positivity-preserving. Further, A&'< & is possible
only if Ae'=e¢, that is, A is unital. To see that A is trace-preserving, for
¥ € R", take t > 0 such that ¥+ t&'> 0. Then

AT+te=A(F+te)<x+te

implies tr( AX) = tr(X). [ |

Our next aim is to establish corresponding characterizations for a doubly
sub- or superstochastic matrix. Incidentally remark that (iii) in Theorem 3.1
can be replaced by each of the following:

(iii'y Ax'<7 forall ¥eR™
(ili”) A%< % for all ¥ R™

For any subsets I, Jof N={1,...,n} and any n-square matrix A =(a,;),
let us write

A(L,J) = (Aej, &) = XX ;i (3.1)

ielje]

A(1,]) is defined to be O if one of I and ] is empty.
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THEOREM 3.2. Suppose that n-square matrices B = (b, ;) and C=(c;;)
satisfy

b;>c;>0  foralliand j. (3.2)
Then there exists a doubly stochastic matrix A = (a;;) such that
bi]->a,-j>c,.j foralliand j, (3.3)
if and only if
B(I,])=C(I5,J)+ ||+ |J]-n  forallland], (3.4)

where 1° denotes the complement N\ I, and |I| the number of elements in I.

A proof will be given later. Immediate consequences are intrinsic charac-
terizations of double sub- or superstochasticity of a matrix.

Cororrary 3.3. The following conditions for an n-square matrix C =
(i) with non-negative entries are mutually equivalent:

(i) C is doubly substochastic.

(i) Cx¥'<xforall 0<¥ER"

(iii) Ce'< e, and tr(Cx) < tr(X) for all 0 < ¥ R™
(iv) Ce'g e and C*e'< é&; in other words

Y ;<1 forall i, (3.5)

Y ;<1 forallj. (3.6)

Proof. (i) = (ii): By definition there exists a doubly stochastic matrix
A = (a;;) such that

a;;>c; foralliand j. (3.7)

Then for any ¢ < '€ R"

which implies Cx'< .
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(i) = (iii): Ce'< & implies Ce'< &. Cx¥'< x" implies tr(Cx’) < tr(X).
(iii) => (iv) is trivial.
(iv) = (i): Let B be a matrix all of whose entries are equal to 1. Then the
condition (3.4) becomes

T = | = T+ n>C(I% ). (3.8)
But (3.5) and (3.6) imply

C(1e, 1) < (n= I A(n=1]))
< -1 = 1= |+ n.

Therefore Theorem 3.2 guarantees the existence of a doubly stochastic matrix
satisfying (3.7). [ ]

CoroLLARY 3.4. The following conditions for an n-square matrix B =
(b;;) are mutually equivalent:

(i) B is doubly superstochastic.
(ii) Bx¥'<x forall 0 <€ R™
(i) B(L )= (I|+|J|—n)* forall I and J.

Proof. (i) = (i) is just as in Corollary 3.3.
(ii) = (iii): Since Be; < &},

i
B(1,])=(Bé.&)> ). (Be).,

i=1

17|

> Y (&), =(1+1J1-n)".

i=]1

(iii) = (i): Taking singletons for I, J, all entries of B are seen to be
nonnegative. With C = 0 the condition (3.4) becomes

B(I1,]) = |I|+|]|—n,

so that Theorem 3.2 guarantees the existence of a doubly stochastic matrix
A =(a;;)such that b;; > a,; forall i and j. u

A proof of Theorem 3.2 is based on the following lemma, for the
statement of which we need some generalization of the notation (3.1).
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When D=(d,;) is an m X n (rectangular) matrix for any I CM=
{1,....,m} and JCN={l,...,n}, let us write

D(I,])== Z Z dij' (3-9)

ieljej

D(I,]) is defined equal to O if one of I and J is empty. For vector
T=(xp....%x,)  €R™ and §=(y,,...,y,)" €R" let us use the notation

x(I):=Y x, and y(J)= Y y;. (3.10)

iel ie]

Lemma 3.5. Let D =(d;;) be an m X n matrix with nonnegative entries,
and T=(x,...,x,) €R™ and ¥ =(y,,...,y,)" €R". Then there exists an
m X n matrix G =(g,;) such that

d;>g,;>0 foralliandj, (3.11)
£(I)=CG(I,N) and y(J)=GM,J)  forallland], (3.12)
if and only if the following conditions are satisfied:
(M) = y(N), (3.13)
and
(1) +y(J) <DL, 1) +y(N)  forallIand]. (3.14)

Remark that the pair of conditions (3.13) and (3.14) is equivalently
expressed by the following pair of conditions:

x(I)<D(1,])+y(J°) forall I and J, (3.15)
y(J)<D(1,]J)+x(I°)  forall I and J. (3.16)
Postponing a proof of Lemma 3.5, let us first derive Theorem 3.2 from
Lemma 3.5.
Suppose that B and C satisfy (3.2), and let

D:=B-C, x:=¢—Ce, and y:=e&—C*e.
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Then there exists a doubly stochastic matrix A satisfying (3.3) if and only if

there exists a matrix G satisfying (3.11) and (3.12). (Here m = n and M = N).
In fact, G is related to A by G = A — C. Since

x(N) =n —C(N,N) = y(N),
according to Lemma 3.5 the condition for the existence of G is expressed by
[I|— C(I,N)+|J|-C(N, J) < B(I,]) - C(I,])+ n— C(N,N),
which reduces to (3.4).

Proof of Lemma 3.5. Suppose first that (3.11) and (3.12) are fulfilled.
Then

=(M) = G(M.N) = y(N),

and
x(I)=G(I,N) < G(I,J)+G(M, J°)

<D(L,])+y(J°)

=D(L,J)+y(N) - y(J).
Therefore (3.13) and (3.14) are satisfied.

Suppose conversely that (3.13) and (3.14), or equivalently (3.15) and

(3.16), are fulfilled. We proceed by induction on the sum m + n. When

m + n =2, that is, m = n =1, the assumption means

0<x =y, <dy,

so that g,;:=x, meets the requirement. Suppose that the implication
(3.15)&(3.16) = (3.11) & (3.12) is true for all the cases of dimensions m’, n’
with m’+ n’ <m + n. Define, for 0 <t <1, a function H®X(I, J) for all
IcM={1,...,m)and JCN={L,...,n) by

HO(L, ]):=tD(1, ]) — x(1)+ y(J°)
=tD(1,]) —y(J) + x(I°). (3.17)



196 T. ANDO
Since HY(1, J) > 0 by (3.15), let

to=min{¢: H(I,]J) > Oforall  and J }. (3.18)
If t,=0, then ©=0and =0, and G := 0 meets the requirement. If ¢,> 0,

according to the minimum property (3.18) there exist I,CM and J,CN
such that

H"X(I,,J,)=0, but H®(I,, J,)<0 forall t<¢. (3.19)
The case that one of I, and J; is empty is excluded, because H)X(1,, J,)
becomes independent of ¢, contradicting (3.19).
Define a |Iy|X |J§| matrix G’ and vectors ¥’ € Rl and " € R¥! by the
relations
x'(I)=x(I)-t,D(I, J,) forall ICl,, (3.20)
y'(7)=y(J) forall Jc g, (3.21)
and
D(I,])=t,D(I,]) foral Icl,and JCJ.  (3.22)
Then (3.21) implies
x'(Io) = y'(J5)-
Since by (3.18) H')(I, J)> 0 for all I and J,
x'(I)=x(I)-t,D(1,],)
<toD(I, J,UI)+y(JENT)—t,D(1, J)
=D(LJ)+y(JS\J) forall ICI,and JCJE.
These show that the triple (D’, ¥, ) with I, and J§ in place of M and N
respectively satisfies (3.15) and (3.16). Since |I,|+ |J§] < m + n, according to

the induction assumption there exists a matrix G'=(g/;);c1,, je 5 Such that

td;j=d{;j>g{;»0 forall i€l,and jEI§, (3.23)
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and
G(1, ) ==(1) = ,D(L. ) and (T, J)=y(])
for Iclyand JCJ. (3.24)
Similarly there exists a matrix G” =(g{});cr, jej, such that
tod,; >8>0 forall i€l and jEJ, (3.25)
and

G"(1,lp)=x(I) and G"(I§, 1) =y(J) —t,D(L,])
for IcISand JCJ,. (3.26)

Finally define an m X n matrix G =(g,;) by the relation
G(L])=t,D(INI,,INJ)+G(Inl,, INI)
+G"(INI§,InJ,)  forall Iand].

Then (3.11) follows from (3.23) and (3.25), while (3.24) and (3.26) imply
(3.12):

G(I,N)=t,D(INI,, J,)+G(INL,, )+ G"(INI§, ],)
=x(INIy)+x(INI§)=x(I)
and
G(M,J) =y(J).

The matrix G meets the requirement. [ ]

Note. We followed Kellerer [39] in proving the key result (Lemma 3.5).
Dr. Ch. Nara pointed out that Lemma 3.5 could be derived from the theory
of flow in networks (see [27]). Corollary 3.3 is in von Neumann [60], while
Corollary 3.4 stands as an open problem in [51].

4. Doubly Stochastic Matrices
Our first aim is to show the special role of permutation matrices among
doubly stochastic matrices.
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The permanent per(A) of an (n-square) matrix A = (a; ;) is defined by

(4.1)

per(A) = Z alwl g,

TE Y, "
The permanent is permutation-invariant in the sense
per( A) = per(II'VATI®)  for all permutations I1V, II®.  (4.2)

For an (n-square) matrix A =(aij) and I, JCN={1,...,n}, let us denote
by A; ; the small rectangular matrix

A],Iz(aij)iel,je]’ (4.3)

An (n-square) matrix A is said to be partly decomposable if there exist
nonempty I, J € N such that

H|+|Ji=n and A, ,=0. (4.4)

It is said to be decomposable if ] in (4.4) can be taken equal to I°. When
(4.4) is fulfilled, the following holds:

per(A) =per(A; ;)per(Ap ;). (4.5)

A matrix is said to be indecomposable (fully indecomposable) if it is not
decomposable (not partly decomposable).
If all entries of A are nonnegative, then for any I, J € N with (I[4|]|=n,

per(A) > per(A; )per(AL ;). (4.6)

Lemma 4.1. Let A=(a;) be an n-square matrix with nonnegative
entries. Then its permanent vanishes, per(A) = 0, if and only if there exist I,
J €N such that

I|+|J|=n+1 and A(I,])=0. (4.7)

Proof. Suppose that (4.7) is fulfilled. According to permutation invari-
ance (4.2), we may assume that, for some k, J={1,....,k}and I = {k,...,n}.
Then A; ;=0 and the first column of A; ; vanishes, and per(A) = 0 follows
from (4.5).
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We proceed by induction to prove the converse implication. The case
n =1 is trivial. Suppose that the assertion is true for all the cases of dimension
less than n, and take a nonzero n-square matrix A with nonnegative entries
such that per(A)=0. We may assume a,,>0. Then (4.6) implies
Per(An\ (n}.N\ (n}) =0 According to the induction assumption, there exist
I', I'c{l,...,n—1)} such that

||+ |J]=n and A(I’,J)=0. (4.8)
If |I'|+|J|=z=n+1 let I:=1I"and J:=] for (4.7). Suppose |I'|+|]|=n.
Since (4.6) with per(A) =0 implies that one of per(A, ,.) and per(A,. ;)

vanishes, we may assume per(A . ;<) =0. Again according to the induction
assumption, there exist I C I’ and J”” C J'* such that

I+ 1J7|=|I'"+1 and A(I”,]”)=0. (4.9)
Then it follows from (4.8) and (4.9) that
|+ O =+ [+ Tz n +1
and
0<A(I", JUT)<A(I",J)+ AL, T) =0,

and I:=1"” and J:= = J'U J” meet the requirement. [ ]

CorOLLARY 4.2. Let A be an n-square matrix with nonnegative entries.

(a) If A is doubly stochastic, then per(A)> 0.

(b) If A is fully indecomposable, then per(A , ;,)>0 for all i and j,
where A ; ;s is the (n — 1)-square matrix obtained from A by deleting the ith
row and the jth column.

Proof. (a): If per(A) =0, according to Lemma 4.1 there exist I and J
satisfying (4.7). Then double stochasticity implies

0=A(I,]J) > A(I,N) — A(N, J°)
={=-Jl=1,

which is a contradiction.
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(b): If per(A; ) =0, according to Lemma 4.1 there exist I and J such
that i¢l, j& ], |I|+|J|>n, and A(I, J)=0, contradicting the full inde-
composability of A. |

It is easy to see that each permutation matrix IT of order n is an extreme
point of the convex set @, of all n-square doubly stochastic matrices, in the
sense that II =tA +(1—¢)B with A, B€Q,, 0 <t <1 is possible only when
A = B =1I. The next theorem establishes the converse.

TuEOREM 4.3. Any (n-square) doubly stochastic matrix A = (a, j)isa
convex combination of permutation matrices.

Proof by induction on the number x(A) of nonzero entries of A. Since
each row contains at least one nonzero entry, k(A) = n. If x(A) =n, then A
is a permutation matrix. Suppose that any doubly stochastic matrix B with
k(B) <k(A) is a convex combination of permutation matrices. Since per(A)
> 0 by Corollary 4.2, there exists a permutation 7 € &, such that aj, > 0
for all j. Let

ty’= min a,, and O = (8iﬂ,-)-

1<jsn 7Y

If t,=1, then A must coincides with II). If ¢, <1, the matrix B:=(A —
t,I19) /(1 —t,) is doubly stochastic with k(B) <k(A). According to the
induction assumption, B is a convex combination of permutation matrices;
then so is A. [ |

CoRoLLARY 4.4. Any (n-square) doubly substochastic matrix C = (cij)
is a convex combination of matrices of the form diag(e})-II, where 11 is a
permutation matrix and I C {1,...,n}.

Proof. By definition there exists a doubly stochastic matrix A =(a;;)
such that a;; > ¢;;> 0 for all i and j. According to Theorem 4.3, there exist
¢, >0 and permutatlon matrices 11X such that

N N
Y 4=1 and A= ) ¢ II®,
k=1 k=1
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Then C is decomposed in the form

N
C= Y t;diag(a®)-1I®,
k=1

where 0 < @® < & Therefore, to prove the assertion, it suffices to show that
any vector @ such that 0 < @' < & is a convex combination of vectors of the
form &;. To this end, we may assume that @'= @, that is,

0<a,<a,< - <a,<L
Let IV ={(j,j+1,...,n}, j=1,...,n Then
n
E=alé}(1)+ Z (aj—aj_l)(E}(;>. |
i=2

The following is a stochastic analogue of Theorem 4.3.

THEOREM 4.5.  Any stochastic matrix A = (a;;) is a convex combination
of (0, 1)-valued stochastic matrices.

The proof is parallel to that of Theorem 4.3 and is based on induction on
the number k(A) of nonzero entries of A. Suppose that the assertion is true
for all the cases of the number <«x(A). For each j, find 7; such that

a,;=min {a;j:a,;>0},
13

and let

ty=_min a,; and Q©=(8, ).

1<]-<n il i

Q9 is a (0,1)-valued stochastic matrix. If ¢, =1, then A is (0,1)-valued. If
t, <1, then the matrix B:=(A —t,Q©®)/(1 —t,) is stochastic with «k(B) <
k(A). According to the induction assumption, B is a convex combination of
(0, 1)-valued stochastic matrices, and so is A. [ |

Our next aim is to find a stochastic or doubly stochastic matrix that is
intrinsically related to a given matrix with nonnegative entries.
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The support of a vector ¥ € R" is the subset of N
= {] x;# 0}.

A vector '€ R" is said to be strictly positive if ¥'> 0 and I.=N. When A is
a matrix with nonnegative entries, the relation Ax'=0 for a vector ¥'> 0 is
equivalently expressed either by tr(Ax) =0 or AN, I;)=0.

LeEmMA 4.6.  Let A be an (n-square) matrix with nonnegative entries. If
A is indecomposable, there exist a positive number p> 0 and a strictly
positive vector ¥ such that

IxP=1 and AF® =px®, (4.10)

p is an eigenvalue with maximum modulus of A, and x'© is a unique (up to
a scalar) eigenvector of A corresponding to p.

Proof. Consider a compact convex set
= {x>0:tr(x) =1},

and define a map ® on & by

® is well defined. For, if tr(A*x)=0 for some ¥€ ., then ¥+# 0 and
A(I;,N) =0, contradicting the indecomposability of A. Now since ® is a
continuous map from the compact convex set into itself, according to the
Brouwer fixed-point theorem there exists § € &/ such that ®(y)=y. With
p == tr( A*y) > 0 this means

A*ij = pij. (4.11)

¥ is strictly positive. For, otherwise, (4.11) implies A(Iy, I3) = 0, contradict-
ing the indecomposability of A. Apply the same procedure to A instead A*
to find a positive number p’> 0 and a strictly positive vector " such that
Ax'=p'%. If p +# p’, then (&, ) = 0, contradicting strict positivity. Therefore
p and ¥©@:=%/||%]| satisfy (4.10). Take any (complex) vector z” such that



MAJORIZATION 203

AZ'= pZ. Find a complex number « such that the support of z'— ax® does
not coincide with N. Since all entries of A are nonnegative,

A(Z - ax®) = p(Z— ax'®)
implies
A|Z— ax'®| - p|Z— ax@| > 0. (4.12)

The scalar product of the left side of (4.12) with y vanishes by (4.11).
Because ¥ is strictly positive, this is possible only when

A|lZ— ax’O|=p|Z7— ax®)|. (4.13)

Since the support of z’— ax® does not coincide with N, and A is indecom-
posable, (4.13) is possible only when 77— ax'® = 0. Thus ¥® is a unique (up
to a scalar) eigenvector of A corresponding to p. Finally let & be a nonzero
eigenvector of A corresponding to an eigenvalue A,

A = MB.
Then, as above, A|@| > |A||], and (4.11) implies p > |A|. u

An immediate consequence is the diagonal similarity of a matrix with
nonnegative entries to a stochastic matrix.

TueoreM 4.7. Let A be a square matrix with nonnegative entries. If A
is indecomposable, there exist uniquely a positive number p > 0, a strictly
positive vector @ with ||a)| =1, and a stochastic matrix S such that

diag(a’) A = pS diag(a). (4.14)

Proof. Apply Lemma 4.6 to the indecomposable matrix A* to find p > 0
and a strictly positive vector @ such that

la)=1 and A*ad’=pa. (4.15)

S = p~! diag(a’) Adiag(a@) .
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Then S is a matrix with nonnegative entries, and (4.14) is satisfied. Since
(4.15) implies S*&’=¢&, S is stochastic.

Suppose that p’> 0, strictly positive a” with ||@”|| =1, and a stochastic
matrix S’ also satisfy (4.14). Then

S*(@/a)=pp 'a"/a. (4.16)
Since S* is indecomposable together with A, it follows from (4.16) via
Lemma 4.6 that p’=p and @’ = a, because ||@’||=i|@]], and consequently
S'=S. [ ]

An indecomposable matrix with nonnegative entries is not always similar
to a scalar multiple of a doubly stochastic matrix, yet the following is true.

THEOREM 4.8. Let A be an n-square matrix with nonnegative entries. If
A is fully indecomposable, then there exist uniquely a doubly stochastic
matrix D, a strictly positive vector @ with ||@)| =1, and a strictly positive
vector b such that

diag(@) A = D diag(b). (4.17)

Proof. Suppose first that all entries of A are positive. As in the proof of
Lemma 4.6, using the Brouwer fixed-point theorem, find p > 0 and strictly
positive @ with ||a@)| = 1 such that

[a(a*a) 7Y " =pa. (4.18)

b:= A*@ and D==diag(&')Adiag(l_;)kl. (4.19)

Then b is strictly positive and all entries of D are positive. Since bl A*g=¢
by definition, D*e¢ = e. On the other hand, (4.18) implies

pa-A(b~Y)=¢

or equivalently
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Then by Lemma 4.6 p =1, and consequently D is doubly stochastic. The
relation (4.17) follows from (4.19).

Turning to the case of fully indecomposable A, take a sequence of
matrices A®), all of whose entries are positive, and which converges to A. It
follows from what has been just proved that there exist doubly stochastic
matrices D®, @® > 0 with ||@®)| =1, and 5®) > 0 such that

diag(@®) A® = D® diag(b®),  k=1,2,....

We may assume that @*) converges to @>0 with ||a]|=1, and D®
converges to a doubly stochastic matrix D. Even b® can be assumed to
converge to b > 0, because b® = AR*3®, For D, @, and b the relation
(4.17) holds. Then (4.17) implies

A(I; I§)=0 and D(IIz)=0. (4.20)

(Recall that I; and Ij are the supports of @ and b respectively.) Since @ # 0
and A is fully indecomposable, the first relation of (4.20) implies that if
I} +9

[+ 1 Igi < n. (4.21)

On the other hand, since per(D) > 0 by Corollary 4.2, the second relation of
(4.20) implies, via Lemma 4.1,

2+ Il < n. (4.22)

Since |I;| > 0, (4.21) and (4.22) are consistent only when I;= I; = N, that is,
@ and b are strictly positive.

The proof of uniqueness is quite similar to that in Theorem 4.7, and is
omitted. =

NoTte. Lemma 4.1 is called the Frobenius-Konig theorem [29]. The
fundamental result (Theorem 4.3) is due to Birkhoff [9]. A survey of the
research on doubly stochastic matrices with some open problems can be
found in [57]. Lemma 4.6 and Theorem 4.7 are only a small part of the
so-called Perron-Frobenius theorem {63, 28]. More about indecomposable
matrices can be found in [83] and the monographs Gantmacher [30] and
Seneta [72]. Theorem 4.8 was first proved by Sinkhorn {73] for a matrix with
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positive entries. Subsequent generalizations are due to Brualdi, Parter and
Schneider [11], and Sinkhorm and Knopp [74].

5. Doubly Stochastic Matrix with Minimum Permanent
In Corollary 4.2 it was shown that per(A) is positive on the set @, of
doubly stochastic matrices of order n. Let

Y, =min{per(A): A€Q,}. (5.1)

Let us call A in £, a minimizing matrix if per(A)=1y,. It has been a
long-standing conjecture (the van der Waerden conjecture) that

J=| ; (5.2)

is a unique minimizing matrix; a fortiori,
Y, =nl/n" (5.3)

Very recently this conjecture was settled affirmatively by Egorychev. In
this section we shall follow his line of ideas to the solution.

As the case n =1 is trivial, we may proceed with the assumption that the
conjecture is true for all dimensions less than n.

LemMma 5.1.  Any minimizing matrix A is fully indecomposable.

Proof. Suppose that |I|+|J|=n and A(I, J)= 0. Then double stochas-
ticity implies

[J|=A(N,J)=A(I°])
and
l=|I1=A(I°, J°)+ A(I°, ),

which yield A(I¢ J°)=0. Therefore A; ;. is a doubly stochastic matrix of
order k:= |I|, while A,. ; is one of order n — k. Since by (4.5)

per(A) = per(A,‘,c)per(A,cJ),
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it follows from the minimizing property of A and the induction assumption
that

n! (4) K (n—k)!
— 2 per ZTr T %
n" p kk (n_k)n—k
But this is possible only when k =0 or k = n, thatis, I =@ or ] =2. ]

Together with A, the matrices A*A and AA* are fully indecomposable.
In fact, suppose, for instance, that there exist nonempty I, J such that

I|+|J|=n and (A*A)(I,]J)=0.

Then Aé; and Ae, have disjoint supports. Let J, and I, denote the
complement of the support of Aé; and Ag) respectively. By definition

A(J, I)=A(1,,]) =0,
and

[+ L] = n.

Then either |J,|+|I| > n or |I,|+|J| > n, both of which contradict the full
indecomposability of A.

Considering per( A) as a multilinear function of column vectors, let us also
use the notation

per(A) = per(a®,...,a™)
where @'/ is the jth column vector of A.

Lemma 5.2. Ifa", j=1,...,n —1, are strictly positive n-vectors, then
for any (complex) n-vector ¥ =(x,...,x,)"

|per(d'(l),...,&’("_l), x) I2
> per(@®,...,a" v, @™ D).per(a®,...,a" "2, x, a, (5.4)

where © = (%y,-.., %) Here equality occurs only when ¥'is a scalar multiple
of @ "~ V. The inequality (5.4) itself is valid if @9 >0, j=1,...,n—1.
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Proof by induction on the dimension n. There exists a unique Hermi-
tian matrix S such that

per(@®,..., 8", £,§) =(S%,§) forall ©,FeC" (55)

Since (Sa" ™V, a" =) > 0, the largest eigenvalue A’(S) of § is positive, and
in view of Corollary 6.6, proved in the next section, the assertion of the
lemma is equivalent to the condition that Ay(S), the second largest eigen-
value of S, is negative. For n = 2, then

_{0 1

s=(1 o

and this condition is satisfied. For general n, this condition is satisfied when
a®=... =g~ =¢ Indeed, the largest eigenvalues is (n —1)! and all

other eigenvalues coincide with — (n — 2)!. Let
ai(t)==(1-t)e+ta? for 0<t<l, j=L,.,n-2,

and denote by S, the associated Hermitian matrix. Since A'%(Sy) = — (n — 2)!
and X'y(S,) depends continuously on ¢, the conclusion A’y(S) = A'y(S,) < 0 will
follow if all S, are invertible. Therefore it suffices to prove generally the
invertibility of a Hermitian matrix associated with strictly positive vectors
under the assumption that for any strictly positive (n — 1)-vectors
bW, ... b= the associated Hermitian matrix T of order n — 1 satisfies the
condition AY(T) > 0> AN(T).

Let anew S be a Hermitian matrix of order n, associated with strictly
positive n-vectors a¥,...,a™~ %, Suppose that S¥=0 for some nonzero
vector ¥ with x, # 0, say. Since § is a real matrix, we may assume that « is a
real vector. For any j and any n-vector z; let Z';, stand for the (n — 1)-vector
obtained from z' by deleting its jth component. According to the induction
assumption, the Hermitian matrix Sy of order n — 1, associated with strictly

positive vectors @(),...,a{}y %, satisfies Ay(S;,) > 0> N(S;,). But since
=(S%) . = 7 1) F(n—2) =
0=(5%); = per(af)..... a5, &;,)

=S8y s E(jy)s
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Corollary 6.6 tells us that
Seiy®esy Eejy» <0 (5.6)
and that if ¥';, #0 then equality is excluded in (5.6). Since ’?<i> # 0 for
j # k, it follows from (5.6) that
n
0= (8%, %) = X af" X875, Fj) <0,
j=1

a contradiction. The last assertion of the lemma results from a continuity
argument. n

LemMma 53. IfA=(aq, ;) is a minimizing matrix, then
per(A, ;) =per(A)  foralliand j. (5.7)

Here A ; ., is the (n — 1)-square matrix obtained from A by deleting the ith
row a tﬁe jth column.

Proof.

First step:

per(A(,.,].)) =per(A) whenever a,;>0. (5.8)

To see this, let A= {(i, j): a,;> 0} and consider the subspace % of n-square
real matrices X = (x,;) for which x,; =0 for all (i, j) outside of A. Then A is
an inner point of the convex subset of %, determined by

n n
x'.j>0 forall i and j, 'Elxij=1’ and _le"i=1'
i= 1=

According to the Lagrange multiplier method, there exist @, © € R such that
the real function ® defined on ¥ by

®(X) = per(X) - Z”: “i( i xij_l) - z": Uj( i xij_l) (5.9)

i=1 \j=1
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attains its local minimum at A. Therefore

ao(X) o
0= Fy =per(A<,.,].>)—-u,.—vj for (i,j)eA. (5.10)
Hodx=a
Since
>z Per(Aa,,’))ai,‘: Z per(A(i‘j))aij=per(A)’ (5.11)

i=1 j=1

(5.10) implies

per(A)=u,+ Y a,v;, foralli, (5.12)
j=1

per(A)= Y a,u,+v, forall j. (5.13)
i=1

In vectorial notation (5.12) and (5.13) become, respectively,
per(A) &= 4+ A7,
per(A)e= A*i + .
These two relations, together with Ag'= A*e’= ¢, yield
A*AT=0¢ and AA*U=1u. (5.14)

As pointed out after Lemma 5.1, both A*A and AA* are indecomposable
doubly stochastic matrices, so that (5.14) is possible only when # and © are
scalar multiples of & Then it follows from (5.10) that

per(AO.’j)) =const. forall (i,j)eA. (5.15)

This constant must coincide with per( A), because of (5.11), proving (5.8).
Second step:

per(A ;) >per(A)  foralliand j. (5.16)
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To prove this, we may assume a,,=0 and show per (A, ,,) > per(A).
Since A is fully indecomposable by Lemma 5.1, per(4 ,, ,,,) > 0 follows from
Corollary 4.2. Then again we may assume that a;>0, j=L...,n-1
Equation (5.8) yields

per(A; ) =per(A), j=1...,n—1 (5.17)
Let
A(t)=(1-t)A+H for O0<t<l.

Since any A(t) is doubly stochastic, and A = A(0) is a minimizing matrix,

d n

0< EPCYA(t) t=0= > (aij—aij)per(A(i,j))
i,j=1
n—1 n
= Z per(A<j,j>)+per(A<n,n))_ > a:‘jper(A<i,j))

ji=1 i,j=1

=per(A, .,) —per(A) by (5.17) and (5.11).
This proves (5.16).
Now let us turn to a proof of (5.7) on the basis of (5.8) and (5.16). It

suffices to prove per(A, .,) < per(A). Remark that (5.16) together with
(5.11) yields that for any 1< j<n

per(@®,...,@ld b, b, @iV, @™) > per(A)
whenever 0<b and tr(b)=1. (5.18)

In view of the full indecomposability of A we may assume a, ,_,=a{"" V>
0. According to Lemma 5.2

per(A)® = per(&’(“,...,&’("*1),5%"))2
> per(@®,...,a" "D, @ M)per(a®,...,a™,a™). (5.19)
Since

per(a™,....a™,a@™) > per(A) by (5.18),
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it follows from (5.19) that

per(A) > per(a®,..., @~ b, g"- D)

n—1
= Z Per(A<j,n))“j,n—1+Per(A<n,n>)an,n—1:
j=1

= per(A)(l - an,n—l)+per(A<n,n))an,n41’
]

which proves per(A) > per(A (n,ny)» because @, >0,
Now we are in position to be able to settle the van der Waerden

conjecture.
Tueorem 5.4. IfA =(a™,...,a™) is a minimizing matrix, then @ =
e/n, j=1,...,n.

Proof. It suffices to prove that @™ =¢&/n. In view of (5.11), an
equivalent form of Lemma 5.3 is that for any 1 < j<n

-

per(a®,...,al=b, p,au*V . @™) =per(A)

whenever 0<b and tr(B)=1. (5.20)

An immediate consequence is

- —(n— -, 2
per(a®,...,a"~ b, gm)
= per(@®,..., @™V, 7" D) per(7V, ..., @"-D, gm Fm).

Thus if all @, j=1,...,n — 1, are strictly positive, by Lemma 5.2 then &
is a scalar multiple of @™~ Y; hence @™ = @("~V, Repetition of this proce-
dure will show that @ = --- = g™, hence

®)

n

aM=nltY gP=—.
i=1

3

Therefore it remains to show the existence of a minimizing matrix B=
(bD,...,b™) such that b™ =a™ and all b, j=1,...,n — 1, are strictly
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positive. To this end, define C =(c'™,..., ™) in the following way:

a’+a . ;
V= =P ch =g, j=3,...,n.

Obviously C is doubly stochastic, and according to (5.20)
per(C) =1iper(a®,a®,a®,...,a"™)
+iper(a®,a®,a®,...,a™)
+1per(@®,a®,a®,...,a™)
+iper(a®,a®,a®,...,a™)
=per(A).
Thus C is a minimizing matrix such that
Lo=Le=I1;0UIl;e,
Ipw=1I;», j=3,...,n—1, and cM =g,

An expected minimizing matrix is reached after suitable repetition of this
procedure. n

Note. A historical survey of the research on the van der Waerden
conjecture is given in [53]. The final solution (Theorem 5.4) is due to
Egorychev [21], who discovered the use of Lemma 5.2. We followed the
exposition of Knuth [40] and van Lint [45].

III. COMPARISON OF EIGENVALUES

6. Comparison of Eigenvalues

A complex n-square matrix is identified with the linear map it generates
on the n-dimensional Hilbert space C". To each matrix A =(a,;) is assigned
the n-vector of its eigenvalues,

X(A)=(A\(A),... A (4))", (6.1)
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arranged in any order with multiplicities counted. It is well known that there
exist orthonormal vectors ¥V,..., £ such that

(AxD, ¥y =0  whenever i>j, (6.2)
and
(Af‘f),f(f))=)\j(A), j=1,...,n; (6.3)
in other words, there exists a unitary matrix W such that
W*AW=(b,;)  where b;=0 fori>j. (6.4)

An immediate consequence is the formula

t(A)= ¥ a,= ¥ A,(A), (6.5)

i=1 i=1

det(A):= ), (—1)"]ljlaj"j= illkj(A). (6.6)

LE=3-

If A is Hermitian, i.e. A= A* then X(A) is a real vector, and its
decreasing rearrangement is denoted by

X(A) = (A(A),..., A, (A))] (6.7)
and its increasing rearrangement by
X(A)=(A(A),... . (AN (6.8)

Orthonormal vectors ¥, ..., £ satisfying (6.2) and (6.3) are eigenvectors
of A, that is,

ATD = (A)FD,  j=L,..,n, (6.9)
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and A is written in the form
A=Wdiag(X(A))W*. (6.10)

When f(t) is a real-valued function defined on an interval containing all
eigenvalues of A, the matrix f{A) is defined by

f(A) = Wdiag( f(X(4)))W*. (6.11)

To get another expression for f{A), define, for each ¢t € R, a linear map
E(A,t) by

E(A,t)f= Y (& fD)xD, (6.12)
)\j(A)st

Then E(A,t) becomes the orthogonal projection to span(x”: A (A) <t),
and

f(a)= [ fi)dB(a, 1) (6.13)

in Stieltjes sense.

A Hermitian matrix A is said to be positive (or positive semidefinite), in
notation A > 0, if A(A) > 0, or equivalently ( A%, ) > 0 for all x¥'€ C". Then
the order relation B> C between two Hermitian matrices B,C means
B—C >0, or equivalently (Bx, %) > (Cx,x) for all ¥€C". When A >0,
the integral (6.13) becomes

f(A)=f°°f(t)dE(A,t); (6.13)
0
in particular
A= [THhdE(AL1),  k=12,.... (6.14)
0

As a consequence, for a vector x and r > 0 the condition E(A,7)x'=%"is
equivalent to the condition

(A%, ) < rMx, %), k=1,2,.... (6.15)



216 T. ANDO

To each square matrix A are assigned several Hermitian matrices in a
natural way: its real part Re(A):= (A + A¥) /2, its imaginary part Im(A) =
(A— A% /2/—1, and its modulus |A|:=(A*A)"/2 The eigenvalues of |A|
are called the singular values of A. We have

A=Re(A)+V-1Im(A), (6.16)
and

A=U|A| for aunitary matrix U. (6.17)

This unitary matrix U is called the polar part of A.

Our aim in this section is to make a comparison among Re(X(A)),
A(Re(A)) |}\(A)| and )\(|A|) with respect to majorization, and then to
establish eigenvalue analogues of (2.30)-(2.33), that is, for instance, to
compare >\(A + B) with X (A)y+ x (B) for Hermitian A, B.

Lemma 6.1. Let 1<i;< -+ <iy<n, and M and N} be (complex)
subspaces of C" such that

M, C M, with dm(A) =i, j=1,..k, (6.18)

and
N;D Ny with dim(A})=n~i+1, j=1,.. .k (6.19)
Then there exist two orthonormal sequences {x™,..., %™} and

(§D,..., 7P} such that

FPeM, and DEN, j=1,.,k, (6.20)
and

span(* D, ..., £®) = span(7V,...,7®). (6.21)

Proof by induction on k. Remark first that the following estimate for
the dimension results from (6.18) and (6.19):

dim(#,NA)>j,  j=1...k (6.22)
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In fact,
dim(# ;N A}) = dim( A7) +dim(# ;) — dim(A# , + A7)
>n—i+l+i;,—n
>n+l+j—l-n=j.
If k=1, (6.22) with k =1 guarantees the existence of a normalized vector

Xy, =y, € AN A Suppose that the assertion is true for k — 1. Then applied
to #; and N}, j=2,..., k, the assumption guarantees the existence of two

orthonormal sequences {u(z) o, 8®Y and (69,..., 5%} such that ¥V e
M, TDeN, j=2,.k, and
span(#®,...,@®) = span(®,...,00) = 2. (6.23)

Take any nonzero ¥ € #,N 47 whose existence follows from (6.22) as
above. If 6@ e #, denote by k, the minimum of j such that &@e
span(#®,..., #)), Then 1 <k, < k and

span(#®,..., #*) = span(B?, &?,..., #*: V), (6.24)
Orthonormalize @@, @@, ..., #*1~D from left to right to get
FO, @, ., x® D Since 6V € A, and # P e M, j=2,...,k—1,(6.18)
implies ¥’ € #,, j=1,...,k, — 1, and then by (6.24)

span(#®,..., #*)) = span(x'D,..., ¥k D), (6.25)

Since dim(.#, N A7) >k, by (6.22), there exists nonzero &V € 4, N A,
such that

(FD, BWVY =0, j=1,...,k?—1, (6.26)

or equivalently, by (6.25),
(@D, 8y =0, j=2...k,. (6.27)
If Y € Z, by (6.23) and (6.27) B is in span(#®:1* Y, ..., #*)). Denote by

k, the minimum of j such that @® & span(@*1*D,..., #"), and orthonor-
malize @V, £k + D, g%*2=D from left to right to get £V, ..., ¥*2~D such
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that
span( @™, gkt gk D) = gpan(F*0, . Kk~ D),

After a finite number ! of repetitions of this procedure, we arrive at the
situations that {¥'®,..., ¢~ Y} is an orthonormal sequence such that /) €
M ; and

span(x D, ..., V) = span(a®,..., ¥ ")
and that there exists nonzero @< 4, N A" that does not belong to .

Orthonormalize @, w**Y,...,#® from left to right to get ©®,..., x®,
Clearly f'(’)E./llj, j=1,...,k, and

span(x'®,..., ¥®) = span(, L).
Finally orthonormalize @, 0@, ..., 0 from right to left to get #@,..., 5.
Since W& A4 and H(f)E./V"., (6.19) implies that {/““E/V}, ji=L...,k,
and

span(7®,...,§®) = span(i, £).

This completes the induction. [ ]

Given a linear map A and a subspace %, let us denote by A, the
compression of A to &, that is, A is a linear map on .¥ defined by

A, x=PAx for ¥,
where P is the orthogonal projection to Z.

LEmMa 6.2. Let A be a Hermitian matrix and aP, j=1,...,n, its
orthonormal eigenvectors such that

ATV =X,(A)aD,  j=1,..,n.
Let

Jl?j==span(&'(1),...,6'(f)), j=1l...,n.
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For any choice of k indices such that 1 <i, < -+ - < i, < n and any orthonor-
mal sequence x'V € M, j=1..., k, the following inequalities hold:

A}(A_,);AQJ(A), j=1,....k, (6.28)
where

& =span(x'D,..., £®),
Proof. Let b™,...,b™ be orthonormal eigenvectors of A such that
AghP=N\(AL)DD, =1,k

As in (6.22), it is possible to take a normalized vector % in span(x ,..., ¥")
Nspan(bD,..., b®), Then

Xj(A.Q’)': max <A§7’ !7>
g €span(b'P,..., Bk
Igl=1
> (A%, X)
> min (Ay,y) =X\ (A). [ |
je ..‘, !
iyl =1

TreorEM 6.3.  Suppose that a function ®(£,,..., ;) defined for a < t; <
B. j=1..., k, is permutation-invariant and monotone increasing. Then for
any choice of k indices such that 1< i, < --- <i, < n and any (n-square)
Hermitian matrix A, all of whose eigenvalues are contained in the interval
[a, B, the following identities hold:

®(N. (A),...,N.(A)) = i ®(N(AL)).
( ll( ) tk( )) .lllcn}?xc‘llk ./(l-aral?l(lfl)lO.N. ( ( .?’))
dm(#) =4 @ span(z®,..., £H)

(6.29)

Proof. That the right side of (6.29) is not smaller than the left side
follows from Lemma 6.2 via the monotony of ®.

To see the reversed inequality, using the notation of Lemma 6.2, let 4
be the orthocomplement of .//(,.,_1. Then 4D A}, with dim(A})=
n—i;+1, and A} plays the same role for — A as ./ln_,.l_ﬂ does for A.
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Now take any sequence of subspaces A, C MH,C ... C . #, with
dim(A ;) = , k. According to Lemma 6.1 there exist orthonormal
(FO,.. x<*5 ) and (7D,..., 7™ satisfying (6.20) and (6.21). Let

& =span(FD,...,¥®) = span(7?D,..., 5 ®).
Apply Lemma 6.2 to — A to get
- Xj(A_e’) = >\.k-j+l( - A.Z’)

A-n—i,-+l( - A) == Xii(A)'

A\

Then the monotony of ® yields
O(X(Ag)) < B(N,(A),.... Ny (4)).

This observation shows that the right side of (6.29) is not greater than the left
side. -

CoroLLARY 6.4. If A is Hermitian,

A(A m AX, X
]( ) dlmr(n;’){—] xen./lll< _>

[|%|[=1
= ax (A i=1,...,n. 6.30
dim Ty max (A G), (6.30)
Iyl =1

CoroLLaRY 6.5. Let A, B be Hermitian.
(a) If A > B, then

N,(A)>X(B), j=1,..n. (6.31)
(b) If a subspace £ is of dimension k, then

N(A)>N(Ag),  j=L...k. (6.32)



MAJORIZATION 221
(¢) If A > 0 and P is an orthogonal projection,

X, (A)>X,(PAP),  j=L,...,n. (6.33)

Proof. (a) is immediate from (6.29).
(b): Xj(Ag) is obtained by restricting .# to be a subspace of £ in
(6.30).
(c): X].(PAP) = X].(PAV ZA1/2P)
=\ 2
= X,(AV2PA2)
<Xj(A) by (831). m

Let us insert here a promised proof to a result used for Lemma 5.2.

CoroLLARY 6.6. Suppose that an n-square Hermitian matrix A (n > 2)
and an n-vector a satisfy {(Aa,a@) > 0. Then the following conditions are
mutually equivalent:

) A,(A)<0.
(i) |(Ad, X)|*> (A, @){ A%, X) for all X linearly independent of a.
(iii) {Ax, xy <0 whenever (Ad@,x) =0 and ¥+ 0.

Proof. (i) = (ii): Suppose that " is not a scalar multiple of &, but
(AT, B[ < (A7, 2)(A7. 7).
Then for any a, B €C
(A(a@+ BT), ad + B%) > 0,
which implies A o > 0, where % = span(a, x). It follows from (6.32) that
ANo(A)=Ny(Ag) 20,

contradicting (i).
(ii) = (iii) is trivial.
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(iii) = (i): Suppose that A5(A)> 0. Then there exists an orthogonal
projection P of rank 2 such that PAP > 0. Take a nonzero vector ¥ such that
Px'=x and (PAZ, x") =0, which is possible because the range of P is two-
dimensional. Then (A, ¥) = 0, while { Ax, ) > 0, contradicting (iii). [ |

Let us begin with a comparison of X(JA], X(Re(A)), and Be(X(A)). A
comparison of A(J]A]) and |A(A)| will be given later.
TueoREM 6.7. Let A be an n-square matrix. Then

Re(X(4)) < X(Re(A)) < X°(JA). (6.34)

Proof. To see the majorization in (6.34), according to (6.3), take an
orthonormal sequence ¥V, ..., (™ such that

(AT, gDy =X (A),

1,....,n.

We may assume
Re(A,(A)) > ... > Re(A,(A)).

Then for any k, with . = span(x'®,..., £®),

k k
Y. Re(A;(4))= ¥ (Re(A)&0), )

j=1 j=1

k

= 2 A((Re(A)) o)

ji=1

< L XRe(A) by (632),
i=1

and equality occurs for the case k = n. Therefore Re(X(A)) < X(Re( A)).

Turning to a proof of the inequality in (6.34), let BV, ..., B™ be
orthonormalized eigenvectors of |A| such that

JAIBD =X, (JADBYD,  j=1,...,n,
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and let
- fee)) L)
H;=span(b,...,b™).
Then in view of (6.30)
Xj(Re(A)) < max (Re(A)#,7)
Iy =1

< Ayl < A (|A). |
max || Ag| (1A])

Iyl =1

An equivalent form of the inequality in (6.34) is the following matrix
inequality:

Re(A) <W*|A|W  for some unitary W. (6.35)

This inequality can be used to establish another important inequality for a
pair A, B:

|A + Bl < W*|A|W, + W,*|B|W,  for some unitary W, W,. (6.36)
In fact, let U be the polar part of A + B. Then
|A + B| = Re(U*A) +Re(U*B).
According to (6.35) there exist unitary matrices W, W, such that
Re(U*A) < W*|U*A|W, = W,*| AW,
and similarly
Re(U*B) < W,*|B|W,,.

Now let us turn to the comparison of X(A + B), X(A), and X(B) for
Hermitian A, B.

THEOREM 6.8. If A and B are Hermitian, then

X (A+B)-X(B)=<X(A). (6.37)
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Proof. It suffices to prove that for any choice of k indices such that
1i;<--- <ip<gn

Ek: x";(A+ B)< i }\‘j(A)+ Ek: }\',.,(B). (6.38)
j=1 ji=1 j=1

k
(ty,...tp) = 2 ¢

i=1

For any k-dimensional subspace ¥

®(X((A+B)y)) = ®(X(A,))+ @(X(By))
< Zk:)\'j(A)+<I>(X(B_g)) by (6.32).
j=1

Now appeal to Theorem 6.3 to get (6.38). [ ]
(6.37) yields, via suitable substitutions, an eigenvalue analogue of (2.30):
X'(A)+X.(B)<X(A+B)<X(A)+X(B) for Hermitian A, B.

(6.39)

TueoreM 6.9.  Suppose that f(t) is a nondecreasing concave function on
[0, o0) with f(0) = 0. Then for any square matrices A, B the following holds:

N(£(1A+ BY) = X(£(BN) < XN(F(AD).- (6.40)
Proof. Fix k, consider a function
k
®(ty,....t)= ) flt;) for >0, j=1,... Kk,
j=1

and take any k-dimensional subspace .Z. Then with the notation of (6.36), by
(6.31)

®(X(1A + Blg)) < ®(X[(W*|AIW)) o + (Wp*|BIW,) £ ] ).
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Then in view of the concavity of f it follows from Theorem 7.5 proved in the
next section that

<1>(X(|A + B|y)) < <I>(X(|A|ng)) + ‘I’(X(lBlwzy))

<®(A(IAD,-.., A(1AD) + (X(Blw,¢)) by (6.32).

Now appeal to Theorem 6.3, with the presence of W, taken into account, to

establish that for any choice of k indices such that 1 i, < --- <i <n
k k k
Y AN (1A +B)) < T AN(4D)+ X AN (1B)) n
i=1 ji=1 i=1

To obtain an eigenvalue analogue of (2.31), we need an inequality of
Schwarz type for determinants.

LEmma 6.10. Let 1<k<n. For any 2k nwectors ©®,...,u®,
oD,..., 0% the following inequality holds for the determinants of k-square
matrices:

|det[(@®, 7DY] [* < det[(&D, #DY] det[(FD, 5D)].  (6.41)
Proof. Denote by S and T linear maps from C* to C" defined by
Sé;,.)=ﬁ"f) and Tézj)=i>’(f), j=1,....k,
where
. W ;
é;,=(0,...,0, 1,0,...,0)" e C*.
Then the inequality (6.41) has the following equivalent form:

|det(T*S)|* < det(S*S) det(T*T). (6.41)
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Since the orthogonal projection P to the range of S is at most of rank k,
there is a partial isometric linear map V from C* to C" such that P = VV*,
Then
|det(T*S)|* = |det(T*VV*$) |

= [det(T*V ) det(V*S) [*

= det(T*V ) det(V*T ) det(S*V ) det( V*S)

= det(T*VV*T ) det(S*VV*S)

= det(T*PT ) det(S*S)

< det(T*T ) det(S*S),

because T*PT < T*T implies, by (6.31),

det(T*PT) = ﬁ N(T*PT)

ji=1
k
< TIN(T*T) = det(T*T). |
ji=1
Given 0 < ¥, 7, 7€ R", let us write log ¥’ < log §j to mean

k k
Hlx}s I]ly,r, k=1,...,n. (6.42)
1= 1=

If, in addition to (6.42), equality occurs at k = n, we write logx'<logy. In a
similar way, let us write

log ¥ —log Z<log y/

to mean that

k k k
nlx,-js Hlyj' l_[lzij forall i< .- <i. (6.43)
1= 1= 1=

If, in addition to (6.43), equality occurs at k = n, we write

logx'—log z’<log /.
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The notation

logx'<logy "+log 2"

should be understood in the corresponding way. Remark that if x, § and 2z’
are strictly positive, this conventional notation coincides with the usual one
among well-defined vectors log %, log ¢ and log 2.

TueoreM 6.11.  For the eigenvalues of an n-square matrix A and those
of |A| the following majorization holds:

log|X(A)| < log X(|A)). (6.44)

Proof. Take, according to (6.3), an orthonormal sequence ¥ ,..., ¥’
such that

(AeD, V=0  for i>j,
(Ai’(j),f’(f))=}\j(A), ji=1,...,n.
We may assume
(A= -+ = [Na(A)]-

Then for any k, with £ = span(xV,..., ¥®),
k : . . 2
(T1 I )l] =laslcar®. 2)]icry e
i
<det[(A*ATO, ¥V, ;i ca by (6.41)

CTTA(4°A)2) < TIN(A%A) by (632)
i=1 i=1

2

{jl‘:llx,.(mo} ,

and equality occurs at k = n. [ |
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CoroLLARY 6.12. Let f(t) be a real-valued function defined on [0, o0).
If f(e') is convex, then

f(lX(A) l) < f(X(lAl)) for all n-square A. (6.45)
This follows immediately from Theorem 6.11 and Corollary 2.2.

TueoreM 6.13.  For any n-square matrices A, B the following majoriza-
tion holds:

log X*(JAB|) — log X"(|B]) < log X(JA]). (6.46)

Proof. Fix k, and let

k
®(ty,....t,)=[1¢; for ¢;20, j=1,.. k.
i=1

Take any orthonormal ¥,..., ™ and let % = span(x™,..., ¥®). Then,
with the polar part U of AB,

®(X(1ABl))" =| det[(ABE®, U )] [
< det[(AA*UFR®, UF Y] det[(B*Bx®, #P)] by (6.41)

= det[(AA*) ye] det(|BI)
k 2
(o] o) e
i=
Now appeal to Theorem 6.3 to get

k k k
[TX, (1AB) < TTX;(1A)- ]I] X, (IB)).
j=1 i =1

For k = n equality occurs. [ |
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(6.46) yields, via suitable substitutions,

log N(|A]) +log X.(|B]) < log X(|AB|) < log X'(JA]) +log X*(|B|). (6.47)

CoroLLARY 6.14. All eigenvalues of the product of any two positive
matrices A, B are nonnegative, and

log A'(A)+log X (B) <log X(AB) <log X'(A) +log X'(B). (6.48)
Proof. We may assume invertibility of B. Since
AB = B—l/2(Bl/2AB1/2)Bl/2’

AB and the positive matrix B}/2AB/2 are similar and have the same set of
eigenvalues. Since

B1/2AB1/2 — |A1/2Bl/2|2,

apply (6.47) with A2 and B'/? instead of A and B respectively, and
multiply both sides by 2 to get (6.48). [ ]

(6.48) is an eigenvalue analogue of (2.31).

CoROLLARY 6.15. Let f(t) be a real-valued function defined on [0, o).
If f(e") is convex, then

AX(ADX.(BD) < AX(ABD) < AX(ADX(1B)).  (6.49)

In case of positive A, B, the modulus |AB| can be replaced by AB.
With f(t)=t, an eigenvalue analogue of (2.31) follows:

X'(A)X(B)<X(AB)<X(A)X(B) for A,B>0, (6.50)
which implies, just as in vector case (2.34),

(X(A),X(B)) <tr(AB) <{X(4),X(B)) for Hermitian A, B.
(6.51)
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Our final goal in this section is to establish an eigenvalue analogue of
(2.32) and (2.33). But as the space of Hermitian matrices does not become a
lattice with respect to the usual order <, it is necessary to introduce
reasonable definitions of the symbols AV B and A A B for Hermitian
matrices A, B.

Given two Hermitian A, B, let us write

A<SB

(spectral order) if f(A) < f(B) for all nondecreasing functions f(¢) on R.
Obviously

A % B implies A <B,
but not conversely. The following are immediate from definitions;

A<B ifandonlyif A+al<B+alforacR. (6.52)

A<B ifandonlyif —AS - B. (6.53)

Lemma 6.15. The space of Hermitian matrices becomes a lattice with
respect to spectral order. More explicitly, if A, B are invertible positive
matrices, the supremum AV B is obtained as the increasing limit of
{(A* + B¥)/2}V% as k — o0, while the infimum A A B is the decreasing
limit of {(A~k+ B%) 2} ~V/k

Proof. Let us use the fact, proved in the next section, that for any
0 <p <1, the map 0 < X~ X? is monotone increasing and concave with
respect to the usual order. Now take k > I > 1. The concavity yields

{Ak+B’<}’/" A+ B!
=

2 2
and further

1/k /1

Al + B!
=)

L%

A* + B
=)
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which proves the increasingness of {(A*+ B*)/2}!/* along k. Since this
sequence is bounded from above by {A(A)V A(B)} 1, it has a limit, which
will be denoted by ¥(A, B). It is readily seen that

¥(A,B)> A, B, (6.54)
V(A*, BX)=¥(A,B)*, k=1,2,...; (6.55)

hence
¥(A,B)*> A% B, k=102,.... (6.56)

We claim that ¥(A, B) S A, B. In view of (6.15), the inequality (6.56)
implies

E(¥(A,B),r)<E(A,r),E(B,r) forall r>0. (6.57)

Then, for any nondecreasing function f(¢) on R, integration by parts will
show that, with sufficiently large a,

f(‘I’(A,B))=f0af(r)dE(‘1'(A,B),r)
= fla)I - anE(‘I'(A,B),r)df(r)

> fle)] - [E(A,r)df(r) by (657)

= f(A),

and similarly
f(¥(A, B)) > f(B).

This establishes the claim. Next take any Hermitian C such that

C;A and C;B.
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Use f(t)=1t*, k,1=1,2,..., to see that

Akl+ Bkl
— < Ckl,
2

and appeal to the monotone increasingness of the map 0 < X — X'/* to get
¥(A,B) <C', I=12,.... Then ¥(A, B) < C follows just as above. These
observations show that W(A, B) is the supremum of the pair { A, B} with
respect to spectral order.

The second assertion results from the first by remarking that

A.BSC>0 ifandonlyif A ' B 1<C!

as explained in the next section. [ ]

We are in position to present an eigenvalue analogue of (2.32) and (2.33).

THEOREM 6.16. Let A, B be Hermitian. Then the following majorization
relations hold:

XN'(A)AX(B)<X(AAB)<X(A)AX(B), (6.58)
N'(A)VX.(B)<X(AV B)<X(A)VX'(B), (6.59)

where AV B and A A B denote the supremum and the infimum of the pair
A, B, respectively, with respect to spectral order.

Proof. In view of (6.52) we may assume that A, B are positive and
invertible. First according to (6.39)

N(AY+X(B)Y [ A +BF\ X(A)+X(B)
<A < ,
2 2 2
and then, since f(¢)= —t'/¥ is convex, by Corollary 2.2

1/k

2

{X'(I«\)"~2+X.(B)"}l/k%X {A";—B"}

Let k — o to reach (6.59). Finally (6.58) follows from (6.59) via (6.53). [ ]

. {X‘(A)"+X’(B)"}l/k
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Nore. This section is largely based on the exposition of Amir-Moéz [6],
Beckenbach and Bellman [7], Gohberg and Krein [32], Lidskii [44], Marshall
and Olkin [51], and Markus [50]. The subdiagonalization (6.2)—(6.3) is in
Schur [69]. Lemma 6.1 and Theorem 6.3 in their general form are due to
Amir-Moéz [5], and in some special cases to Fan [23]. Corollary 6.4 is the
Fischer-Courant theorem [24]. Theorem 6.7 is in Fan [22]. The observation
(6.36) is due to Thompson [77). Theorem 6.8 is due to Fan [22], Lidskii [43],
and Wielandt [84] (see also Mirsky [54]); Theorem 6.9 is to Rotfeld [65] and
Thompson [77]. Theorem 6.11 and Corollary 6.12 are the discovery of Weyl
[82] (see also Fan [22]). A special case of Corollary 6.12 is in Schur [70].
Theorem 6.13 is due to Horn [36] and Lidskii [43]. Spectral order was
considered by Olson [61]. The representation of the supremum in Lemma
6.15 is in Kato [38].

7. Doubly Stochastic Maps

In this section we develop an elementary part of the matrix versions of
majorization. Denote by M, the complex linear space of all complex n-square
matrices, and by H,, its real subspace of Hermitian matrices. The space M,
is provided with a Hilbert-space structure

(A, B) =tr(B*A) for A,BeM,_, (7.1)

and consequently
IAII = tr( A*A). (7.2)
Further H,, is provided with an order structure: A < B if and only if B— A

is positive (semidefinite). Remark that the positive cone is selfdual in the
sense

A>0 ifandonlyif (A,B)>0 forall B>0. (7.3)

Since M, and M, are Hilbert spaces, with each linear map ® from M, to
M,, is associated its adjoint ®* from M, to M

(®(A),B)=(A,®*(B)) for A€M, BeM,. (7.4)

m

A linear map ® is said to be positive if

®(A)>0 whenever A>0. (7.5)
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® is said to be completely positive if it admits a representation

N
®(A)= ) CrAC; foral AeM,, (7.6)
ji=1

where C,,...,Cy are some n X m rectangular matrices. Complete positivity
implies positivity, but not conversely. In view of (7.3) the adjoint of a positive
linear map is positive. The adjoint of a completely positive map is completely
positive. In fact, if ® admits a representation (7.6), its adjoint has the
following representation:

N
®*(B)= ¥ C,BC; forall BEM,, (7.7)
i=1

Let us introduce the majorization relation among Hermitian matrices in
terms of their eigenvalue vectors. Recall first that, for each A€M, A(A) is
the n-vector of its eigenvalues, arranged in any order, with multlphcmes
counted. If A is Hermitian, then A(A) is a real n-vector, and X (A) and
X (A) are its decreasing and increasing rearrangements respectively. A
Hermitian matrix A is said to be majorized by another B (in notation
A < B)if }\(A) < >\(B) Submajorization A < B and supermajorization A <B
are defined correspondingly. Remark that the equivalence A ~ B, that is,
simultaneous occurrence of A < B and A > B, is nothing but unitary equiva-
lence of A and B. Here note the following inequality:

(A, BY|< ¥ X,(JADN,(IB). (78)

i=1

In fact,

|(A, B)|< tr|N(B*A) | < Z X;(IB*A]) by (6.45)

j=1

n

< X N(B*)X(14) by (6.49)

ji=1

= ¥ X,(ADN,(|B).

i=1



MAJORIZATION 9235

To formulate a noncommutative, i.e. matrix, analogue of Theorem 1.3, we
need a notion of double stochasticity for a linear map. A linear map ® on M,
is said to be doubly stochastic if it is positive, unital [i.e. ®(I)=1I], and
trace-preserving [i.e. tr(®(A))=tr(A) for all A€M, ]. Remark that @ is
unital (trace-preserving) if and only if the adjoint ®* is trace-preserving
(unital). Therefore the adjoint of a doubly stochastic map is doubly stochastic.

TaeoreM 7.1. The following conditions for Hermitian matrices A, B €
H,, are mutually equivalent:

(i) A<B.
(ii) There exist unitary matrices U; and positive numbers t; > 0 such that

N N
‘thj=1 and A= ‘thjUj*BUj. (7.9)
1= 1=

(iii) A = ®(B) for a completely positive, doubly stochastic map ®.
(iv) A = ®(B) for a doubly stochastic map ®.

Proof. (i) = (ii): Since X(A) < X(B) by definition, according to Theo-
rem 1.3 there exist permutation matrices I’ and positive numbers ¢,
j=1,..., N, such that

XA)= i £ IIOX(B),

ji=1

or equivalently

diag(X(4)) = f ;11" diag(X(B)) 1V, (7.10)

j=1
Take, according to (6.10), unitary matrices V, W such that
A=W+diag(X(A))W and diag(X(B)) =V*BV. (7.11)

Then y; = VIIPW and t;>0, j=1,..., N, meet the requirement of (7.9),
by (7.10).
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(ii) = (iii): Define a map ® by

N
®(X):= ) tU*XU; for XEM,.
j=1

Then @ is completely positive, doubly stochastic, and such that ®(B) = A.
(iii) = (iv) is trivial.
(iv) = (i): Suppose that A = ®(B) for a doubly stochastic map ®. Take
unitary matrices V, W satisfying (7.11), and define a doubly stochastic map ¥
by

Y(X)=WO(VXVH)W*  for XEM,.

Then the assumption implies
¥(diag(X(B))) = diag(X(A)). (7.12)

Let P; be the orthogonal projection to the one-dimensional subspace spanned
by

) r
&p=(0,...,0, 1,0,...,0)".

Then (7.12) implies X(A) = DX(B), where D =(d;;) is an n-square matrix
defined by d,;=(¥(P;),F,) for all i and j. Evidently D is a doubly
stochastic matrix, so that (i) follows from Theorem 1.3. a

CoroLLAry 7.2. If Pj, j=1L,..., N, are mutually annihilating orthogo-
nal projections that sum to the identity:

N
-21Pj=l and P,P;=8,P; foralliandj, (7.13)
ji=

then

N
Y. P,AP;<A forall Hermitian A. (7.14)
j=1



MAJORIZATION 237
Proof. Since the matrix U, := 2P, — I is unitary, the map
©,(X) =1X + 1U*XU,

is doubly stochastic. Simple computation based on (7.13) will show

N

Y PAP,=®yo .- o ®)(A),

j=1
where o denotes composition. Since the composition of a finite number of

doubly stochastic maps is again doubly stochastic, (7.14) follows from Theo-
rem 7.1. |

CoroLLary 7.3. If A, B are positive n-square matrices, then the follow-
ing majorizations hold in H,,;:

[A+B 0 >[A 0], [(A+B)/2 0
o ol lo B 0 (A+B)s2|

Proof. Since

[A+B 0]=[A1/2 31/2] A2
0 0 o o llpe o)

the matrix on the left side is unitarily equivalent to

A2 o] a2 pgie _ A Al2gl/2
B2 ¢ 0 o | BL/2AL/2 B i

which majorizes [‘3 g] by Corollary 7.2. This prove the left majorization.
The right majorization results from Theorem 7.1 by observing that

[5 5] =[5 3]

are unitarily equivalent. (]

Corollary 7.3 can be generalized, in a natural way, to the case of a finite
number of positive matrices.
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Since H,, and H,, are provided with the order structure < and the
majorization structure <, for a nonlinear map ® from (a subset of) H,, to H,,
we can speak about its monotony, convexity, isotony, strong isotony, etc.,
just as in Section 2. As Theorem 2.1 results from Theorem 1.3, the following
statement results from Theorem 7.1: if ® is convex and wunitarily invariant,
that is,

®(U*AU)=®(A)  forall A and all unitary U,

then it is isotone. It becomes strong isotone if it is monotone increasing in
addition.

Let f(t) be a continuous function defined on the whole line R (or the half
line R, ). For each Hermitian (or positive) A, the matrix f(A) is defined by
(6.11). The map A — f(A) is not necessarily convex even if f(t) is convex.
However, the map becomes isotone if f(t) is convex. This follows via
Theorem 2.1 from the relation A(f(A))= f(A(A)). If, in addition, f(¢) is
monotone increasing, the map is strongly isotone.

Here we take up the functions already used in Section 6, namely 1/t and
t? for 0 <p <1. The map A~ A~! is monotone decreasing and convex on
the set of positive invertible matrices. In fact, this follows from the identity

- )2
X,
(A%, ) = sup <%, 4) |

—— forall xeC".
i (A7, Y)

For 0 < p <1, the map A — AP is monotone increasing and concave. To see
this, use the integral representation

sinpw joostP !

dt

s
T o s+t

together with the spectral representation (6.13") for A to get

sinpm
ar=2F [aa+a) e tar
T Yo
sinpm o0 1y
= I—t(A+tl P dt.
sy

Since for each ¢t >0 the map A— I —t(A+¢I)~! is monotone increasing
and convex as proved above, so is the map A — A®,
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Nonlinear functionals on H ,, that is, maps from H, to R, are of special
importance. If f(t) is convex, the functional A - tr(f(A)) is isotone. An-
other example is this. To each Hermitian C, let us assign a function K,
defined by

K(A)= sup (U*AU,C). (7.15)

U unitary

K, is unitarily invariant and convex, so that it is isotone.

TueoreM 7.4.  The following conditions for Hermitian matrices A, B are
mutually equivalent:

(i) A<B.
(ii) K (A)< K/ B) for all Hermitian C.

(iii) tr( f(A)) < tr(f(B)) for all convex f.
(iv) tr]A —tl|<tr|B—¢l| forall t €R.

Proof. The implications (i) = (ii) and (i) = (iii) = (iv) are immediate.
(ii) = (i): Let C be any orthogonal projection of rank k. Then in view of
Theorem 6.3

k
K(X)= Y Ay(X) foral XeH,.
j=1

Therefore (ii) implies X(A)fX(B). Use C=1 and = —I to see that

tr(X(A)) = tr(X(B)).
(iv) = (i): Condition (iv) is equivalent to

trlX(A)-té'ktrlX(B)—te"l forall t€R,

and Corollary 1.2 can be applied. |

Let ®(x") be a seminorm on C", that is,

(absolute homogeneity): ®(ax)=|a|®(x) for acC, (7.16)

(subadditivity): O(x+ ) < B(D)+ B(¥). (7.17)



240 T. ANDO

If ®(%) is an absolute seminorm, that is,

() = ®(|x)) forall reC®, (7.18)
then it is monotone increasing on the set of positive vectors. In fact, if
0 < ¥'< ¢, then % is a convex combination of vectors whose moduli coincide
either with # or 0. A permutation-invariant, absolute seminorm is called a

symmetric gauge function. To each such function ® on C", let us assign a
seminorm |{|*||s on M, by

IAlg=®(X(A)) for AeM,. (7.19)
Absolute homogeneity follows from (7.16). According to (6.40)
X(1A + B) < X'(1A) + X'(1B]). (7.20)

and by Corollary 2.3 ®(x") is strongly isotone. Thus subadditivity of |{*}|4
results from (7.20) via (7.17). This seminorm is wunitarily invariant in the
sense

lUAV)|s =||Allp  for all unitary U, V. (7.21)
Conversely, any unitarily invariant seminorm on M, is obtained in this way.
The Hilbert-space norm || A}| on M, corresponds to ®(x) = {£}.|x,|*}'/>
The norm that corresponds to ®(%) =max, ;. ,|x;| is called the spectral
norm or operator norm and denoted by |[*{|..;
Al = }\'1(|A|) for AeM,. (7.22)
M, becomes a C*-algebra with respect to the spectral norm, that is,

I AB|l, < I|All 1Bll:  1A*Alle =l All,, and |[I]l,,=1. (7.23)

When ®(x") = ):;.'_ x5 the corresponding norm is called the trace norm and
is denoted by ||*||;

Al = 2 A (1A = tr|A]. (7.24)
i=1
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An important fact is that the spectral norm and the trace norm are dual to
each other in the sense that

|(A, B)]
|A}j;= sup ————  forall AeM, (7.25)
B=o JIBlly
and
[(A, B)|
|All, = sup ————— foral AeM,. (7.26)
=0 Bl
This follows from (7.8).

Let us turn to concave functions.

THEOREM 7.5. If f(t) is nonnegative and concave on the half line R,
and f(0) = 0, the functional |||, on M,, defined by

1al= AN (4))  for AeM, (7.27)
i=1

is subadditive.

Proof. The assumption implies that f(¢) is monotone increasing and
subadditive on R . According to (6.36), for A, B€M,, there exist unitary
matrices U, V such that |A + B| < U*|A|U + V*|B|V; hence by (6.31)

|A+ Bll;<||U%A|U+V*B|V|. (7.28)

The functional ® on C%" = C"® C" defined by

o(£,9)= X flle,)+ ilf(w,i) (7.29)

=1 -

is permutation-invariant and concave on the set of positive vectors, so that in
view of Corollary 2.3, — ® is isotone. On the other hand, by Corollary 7.3

(X(1AD, X(1BY)) = (X(U*AU), X(V*|B|V))

< (X(UA|U+ V¥ B|V),0);
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hence by (7.27) and (7.29)
JUMAIU+ V¥ BIV ||s < ||All + || Bl . (7.30)

Now the expected subadditivity follows from (7.28) and (7.30). n
Take f(t)=t/(1+t), for example. Then Theorem 7.5 tells us

= A(lA+B) © A (1A) ~ o A(IB])
) 1+)\J.(|A+B|)< ) 1+X,(JA) b 1+ N(|B)

ji=1 ji=1 j=1

(7.31)

It follows from Theorem 7.1 via (2.8) that if @ is a doubly stochastic map
and A is Hermitian, then |®(A)| <|A| To generalize this to general matri-
ces, we start with a lemma.

LemMa 7.6. If @ is a doubly stochastic map, then
le(A),<NAll, and [[@(A)|,<VAll,  forall AeM,. (7.32)

Proof. Let us prove first that ||®(U)|[,, <1 for any unitary U. We know
that U admits a representation U = ):']-',, i§;P; where P; are mutually annihi-
lating orthogonal projections that sum to I, and {{;|=1, j=1,...,n. Take
normalized vectors &, ¢ such that (®(U)x, §) = ||®(U)|l,.. Then

120l ¥ |(2(8)%.5)

ji=1

by the Cauchy inequality
=|%)- |7l =1 (@ is unital).
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Now any A € M, with ||A[|,, <1 is a convex combination of unitary matrices.
In fact, first represent A= Udlag()\(lA|))V with some unitary matrices U,V
and use the arguments in the proof of Corollary 4.4. Then it follows that
I|®(A)||, <1 whenever ||A|, <1, which establishes the left inequality of
(7.32). Apply the same arguments to @* to see that ||®*(A)|l,, <A, for
all A €M, which implies the right inequality of (7.32) via (7.25). |

THEOREM 7.7. If ® is a doubly stochastic map on M, then

|®(A)|<|A]  forall AeM,. (7.33)

Proof. First let us show that [®*(UP)| < [UP| whenever U is unitary and
P is an orthogonal projection (of rank k) In fact, since ®* is doubly
stochastic, by Lemma 7.6

Y x;(|o*(UP) () = | @*(UP) ||, < IUP||, = ||P)l, = k

ji=1
and
Ny(|@*(UP)|) = | @*(UP) |, <|IUP|, = |P||,, =

which implies

X(|ex(uP)|) <X(jUuP) =(1,...,1,0,...,0)". (7.34)

Now for any A€M, and k < n there exist a unitary matrix U and an
orthogonal projection P of rank k such that

f N(le(a)]) ={ur,e(A)).

j=1
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Then, with X', , (|A]) =0,

(vp,0(4))|=[(0*(UP), A)|< T X,(1ADX,(10°(UP)]) by (79)

n

= T (N(4) = X;(14D) T A(10%(UP)))

i=1 i=1

< _ZZZI{X,-(IAI) —Nja(14D) X(UP) by (134

i=1

which proves (7.33). ]

CoroLLARY 7.8. If @ is a doubly stochastic map on M,, for any
unitarily invariant norm ||*||.

le(A)[l.<All.  forall AEM,.

Note. Majorization in the dual space of a C*-algebra—in particular, in
a matrix algebra—is the subject of Alberti and Uhlmann [2, 3, 80, 81];
Grothendieck [33] considered a von Neumann algebra with trace. Positive
linear maps have been discussed in the framework of C*-algebra (see [19] and
[76]). Complete positivity was introduced by Stinespring [75]. Its equivalence
to (7.8) for the case of matrix algebras is due to Choi [12]. Corollary 7.2 is in
Fan [23]. Corollary 7.3 was proved by Thompson [77]. When the map
A~ f(A) generated by a function f becomes monotone or convex is the
subject of the classical papers of Lowner [48] and Krauss [41] (see [20] for
exposition). Symmetric gauge functions were introduced by von Neumann
[59], who studied metrizations of matrix spaces. See [32] and [54] for
exposition. Theorem 7.5 is due to Rotfeld [65], but the proof in the paper is
due to Thompson [77]. Thompson [78] studied in detail triangular-type
inequalities among matrices.

My sincere thanks are due to Miss Harumi Shida for her quick and
accurate typing service.
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Research No. 56540052.
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