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Abstract

Girard and Reynolds independently invented System F (a.k.a. the second-order polymorphically
typed lambda calculus) to handle problems in logic and computer programming language design,
respectively. Viewing F in the Curry style, which associates types with untyped lambda terms,
raises the questions of typability and type checking. Typability asks for a term whether there
exists some type it can be given. Type checking asks, for a particular term and type, whether the
term can be given that type. The decidability of these problems has been settled for restrictions
and extensions of F and related systems and complexity lower-bounds have been determined for
typability in F, but this report is the first to resolve whether these problems are decidable for
System F.

This report proves that type checking in F is undecidable, by a reduction from semi-unification,
and that typability in F is undecidable, by a reduction from type checking. Because there is an
easy reduction from typability to type checking, the two problems are equivalent. The reduction
from type checking to typability uses a novel method of constructing lambda terms that simulate
arbitrarily chosen type environments. All of the results also hold for the Al-calculus. & 1999
Published by Elsevier Science B.V. All rights reserved.
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1. Background and summary

This report is divided into the non-technical and the technical. This section is the
non-technical portion. All other sections are technical.
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1.1. What are the problems?

Over the years, numerous type systems have been devised for Church’s A-calculus,
generally as extensions of the simply typed A-calculus. One particularly important type
system, the “second-order polymorphically typed Z-calculus”, was independently in-
vented by Girard and Reynolds over 20 years ago [7, 33]. Girard developed his system
(named by chance “System F”) to prove properties of second-order logic (hence F
is sometimes called “the second-order A-calculus”) while Reynolds wanted to express
polymorphic typing in programming explicitly. Both Girard and Reynolds formulated F
in the Church style where types are embedded in terms which are no longer the terms
of the pure A-calculus. In the Curry style, where type information is kept distinct from
the terms, it is meaningful to ask for an arbitrarily chosen A-term M:

1. Is there any typing for M, i.e., do there exist assumptions 4 and type 7 such that

A+ M :1 is derivable?

2. Can M be given some particular type 7 using some particular type assumptions A,

i.e., for arbitrarily chosen A and 1, is 4 - M : 7 derivable?

We call the first problem Tve for typability? and the second problem TC for type
checking . The problem of type inference is the problem of actually finding all of the
types and type assumptions that allow typability or type checking. Unless another type
system is indicated, the names Tvr and TC refer to these problems in System F.

1.2. What is the prior research?

Much research has been devoted to determining whether Tve and TC are decidable
for F and related systems. Some of this research has focused directly on System F.
Leivant first presented F in the Curry style in 1983 and made the first attempt to
answer the question of decidability for Typ [21]. The first interesting lower-bound for
the computational complexity of Tyr was given by Henglein [12, 13] who showed that
Tve is DEXPTIME-hard (where DEXPTIME means DTIME(2""")). This was done by
embedding Turing machine computations in the types of a A-term.

Other research has considered Tvr and TC for various restrictions and extensions
of System F and related problems for F itself. Multiple stratifications of F have been
proposed which restrict some parameter of derivations in F to finite values, e.g., depth
of bound type variable from binding quantifier [11], the number of generations of
instantiation of quantifiers themselves introduced by instantiation [22], and the “rank”
of polymorphic types (introduced in [21], further studied in [18, 20, 24]). Urzyczyn
recently showed Tyr to be undecidable for F’s powerful extension, the system F, [39,
41], which allows types to contain functions from types to types. The proof, which
reduces the halting problem for Turing machines to Typ for F,,, actually establishes

3 o . .

< Typability has been called type reconstruction or type inference.

* Type checking has been calied derivation reconstruction. In the Church style, “type checking” usually
means checking that a derivation is valid, not finding a derivation.
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Constructors/Rules | TC | Ty | INH |
— yos | yes | yes
=g) 10 no | yes TC: type checking problem
(A no no | yes* Tyr:  typability problem
-,V NO | NO | no INH:  type inhabitation problem
(=3) 1o 10 no (=4): plus B-equivalence rule
(A 1o no | yes® {A):  plus approximation rule
-, p yes | yes* | oyes® *: trivially decidable
(=4) wo | yoest | oyest - same as without J-rule
A no | yes' | yos* B proved since 1991
—,N,w no | yes' nat NO: proved in this article
(=)
(A) no | yes® | yes*

Fig. 1. Decidability of various type system problems.

the recursive inseparability of the F,-typable /-terms and the A-terms with f-normal
forms. For F, proofs of undecidability have been given for both the problem of partial
polymorphic type inference in the Church style [3, 28], which is related to Tye, and
the problem of conditional type inference [6], which is related to TC.

Only a fraction of the research over the years is mentioned here. Despite this inten-
sive research program, until now the decidability of Typ and TC have remained “em-
barrassing open problems”* for System F itself. Both of these problems are proven
undecidable in this article.

1.3. What are the implications?

Theoretical considerations have been part of the motivation for determining the de-
cidability of Tvp and TC. Of all of the type systems for the A-calculus that result
from extending the simply typed A-calculus with some combination of polymorphic,
recursive, and intersection types and the f-equivalence and approximation rules, it is
only for F that the decidability of Typ and TC has remained unknown until now, as
depicted by the table in Fig. 1, which first appeared in [2].°

Also, among the eight type systems in Barendregt’s A-cube [2], when they are con-
sidered in Curry style, there are only three distinct sets of typable, pure, closed /.-terms
corresponding to the simply typed A-calculus, F, and F,, [6]. This is depicted in Fig. 2.
Because it has been known that Tvr is decidable for the simply typed A-calculus [14]
and (recently) undecidable for ¥, [39, 41], it is once again only for F that the answer
has been unknown. Thus, determining the decidability of Tvp and TC for F completes
our knowledge of these problems for a wide variety of A-calculus type systems.

While the question of decidability of Tvp has theoretical interest, a prime motivation
for solving this problem has been its practical implications. The design of functional

4 Robin Milner, winner of the 1991 Turing Award, quoted by Henk Barendregt {2, p. 183].

SIn Fig. 1, INH stands for the inhabitation problem, which asks for a type ¢ where there exist 4 and
M such that A+ M : o is derivable. The fi-equivalence rule extends a type system so that if M =; N. any
typing for M is also a typing for N. See [2] for an explanation of the approximation rule {.«/ ).
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sitnply typed A-caleulus

Fig. 2. Curry/Church-style type system correspondence.

computer programming languages (which are based on the A-calculus) makes the abil-
ity to perform type inference in System F (or even better, some extension of F) highly
desirable. The primary reason for types in a functional programming languages is the
usual desire to rule out nonsensical computations. Types can prevent undesirable run-
time operations from occurring, e.g., types can rule out an application like “+ true
true”. Such operations are either unsafe or require run-time coercions. Many func-
tional programming languages use type systems which are related to System F. The
designers of many strongly typed functional programming languages (e.g., ML [25],
Miranda [37], Haskell [16]) have chosen to use the Hindley/Milner type system whose
core coincides with a fragment of F. There are also various programming languages
using type systems based on variations of F,, {e.g., Quest [4] and LEAP [29]).

The choice to use a type system similar to F or some portion of F in real-world
programming languages has many reasons. The minimal requirement is that the type
system rules out nonsense computations. Once that is achieved, there are other consid-
erations. From a software engineering viewpoint, programmers wish to reuse program
fragments rather than duplicating them. The choice of a type system determines how
easily programmers can reuse code. In the worst case, the simply typed A-calculus
requires that even a simple function such as the identity (represented by the A-term
(Ax.x)) must be duplicated for each type on which it is used. A compiler would en-
force this redundancy in a programming language based on this type system. To avoid
this, the chosen type system generally supports some kind of polymorphism, which
allows giving a function a polymorphic (“generic”) type which represents a finite or
infinite collection of types. System F exhibits a kind of polymorphism called paramet-
ric polymorphism, meaning that a A-term operates in the same way over a range of
types, the particular type used in any instance being determined by a type parameter.
The Hindley/Milner type system supports a weak restriction of parametric polymor-
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phism which allows a polymorphic function to be passed as a parameter, but only to
a single predetermined non-polymorphic function. Also, a polymorphic function can
have only monomorphic arguments. In the full System F, a polymorphic function can
be passed as a parameter to another non-predetermined polymorphic function, which
itself can be passed as a parameter to other such functions, and so on. This flexibility
is reflected in the fact that System F types more A-terms than does the Hindley/Miiner
type system. In fact, every computable function that is provably total using second-
order Peano arithmetic is representable by a A-term typable in System F [8]. Another
reason for using System F (or some related system) is that all computations on typable
A-terms are guaranteed to halt. In practice, general-purpose programming languages
add features that allow non-termination, but this property can still be helpful to the
compiler for handling subexpressions which do not use the non-terminating features.
Some special-purpose programming languages do take advantage of this property of
System F.

A very important criterion for choosing a type system for a functional programming
language is the desire to have all typing done automatically by the compiler rather
than by the programmer. Because function application is the central construct of a
functional programming language, strict typing involves assigning a type not only to
every identifier but also to every fragment of the program. Because it is also the nature
of functional types that they grow to be very large, requiring the programmer to specify
more than a tiny fraction of the types in a A-term is very unwieldy and user-unfriendly.
These reasons contribute to the desire for type inference, a procedure that will provide a
typing for a A-term if it is typable and will otherwise halt and return an error message.
As part of ensuring that programs will be portable between different versions of the
language’s compiler, the type inference algorithm used by the compiler should always
find a type (ideally, a most-general type) for a program fragment if that is possible.
However, the type inference algorithm should also be guaranteed to halt if a program
fragment is untypable. Otherwise, the compiler will have to choose to stop arbitrarily
at some point (or will be halted by the impatient user), which will impede program
portability among different compiler versions. Thus, unless Typ is decidable for a type
system, both automatic type inference and portability of programs cannot be achieved.
System F has many of the nice properties desired in a type system for a functional
programming language, but would be problematic to use in a language with automatic
type inference unless Tye were decidable. Unfortunately, this article proves that Tvp is
undecidable for System F.

1.4. What does this article contribute?

The main contribution of this report is proving the undecidability of Tve and TC for
System F.
1. We first prove that the problem of semi-unification can be reduced to TC using a
simple encoding. Because semi-unification is undecidable [19], so is TC.
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2. We then reduce TC to Typ using a novel method of building A-terms which simulate
arbitrarily chosen type environments. The proof begins by showing that there exists
a typable A-term J such that in every typing of J, its bound variable x is assigned
the type o — o

J = w.(Ay.Azo(yy)(yz)(Ax. Kx(x(xv)))(Awww).

Then, building upon the term J, contexts (terms with holes) are constructed which
simulate more and more complex type environments. These /A-terms force particular
bound variables to be assigned particular types in every type derivation. Using this
method, we can require that subterms in certain positions within a A-term must
be typable using a specific arbitrarily chosen type environment in order for the
entire term to be typable at all. Any desired type environment may be simulated,
thus allowing any instance of TC to be simulated by an instance of Typ. This
establishes the undecidability of Tyep.

All of the results work not only for the AK-calculus but within the A/-calculus as well

(where every bound variable occurs at least once in the scope of its binding). Because

the reduction from Typ to TC is already known [2], and because both reductions work

within the A/-calculus, we conclude for System F that Typ and TC are equivalent and
that both are undecidable for both the AK and A/-calculi. By showing both problems
to be undecidable, as mentioned earlier, the question of dccidability of Typ and TC
for a variety of type systems is now completely answered. As a result, the table in
figure 1 has now been filled in completely (with the addition of the result that type

inhabitation for intersection types is undecidable [38, 40]).

The most important practical implication of the results presented here is that no func-
tional programming language will use F as its type system with fully automatic type
inference. This will focus future research on restrictions of F and other entirely differ-
ent approaches. These results have other implications of both practical and theoretical
interest.

1. The methods of this article can be used to show the undecidability of TC and Ty
for restrictions and extensions of System F. The symbol A, is our name for the type
system that results from restricting System F to types of finite “rank” &, a notion
introduced by Leivant [21]. Our methods have been used to show the undecidability
of Tyr and TC for A; where £>3 [20]. These methods have also been extended
to show the undecidability of Tvp for System F + #, the result of extending F with
a rule for subject y-reduction (equivalent to extending F with Mitchell’s subtyping)
[44, 45].

2. The methods of this article can also be used to show the differences in the sets of
terms typable by various restrictions and extensions of F. They can easily exhibit
A-terms that are typable in F but not in some subsystem of F or that are not typable
in F but are typable in some extension of F. For example, we can show that A;.
types more terms than A; for every k, because for any arbitrarily chosen rank, a
A-term can be constructed whose typing must contain a type of that rank. Similarly,
because we can force typings to contain types of arbitrarily chosen height, every
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level of the stratification of System F in [11] types a larger set of terms than the
previous level. As a final example, the following slight modification of the /-term
J 1s strongly fi-normalizing but not typable in System F (the first such term was
given in [5]):

Av.(2 v 2z (v )z NAx Kx(xe(xv)o) )(Awaww)

Fig. 3 diagrams the relationships between various undecidable problems both for F
as well as for the related systems F,, and F + , with each arrow indicating a prob-
lem reduction. Dotted arrows are trivial reductions, the light dashed arrow is a folk
result reported by the indicated authors, and double lines indicate results presented in
this report. The heavy dashed line indicates that only part of the problem is reduced,
enough to show undecidability. In the diagram, the problems H-TM, I-TM, H-2CA,
2UP, SUP, and Sub are respectively, the halting problem, the immortality problem for
Turing machines [15], the halting problem for two-counter automata [26], the second-
order unification problem [9], the semi-unification problem, and Mitchell’s subtyping
relation [17, 27, 36, 43]. In the diagram, the system FCh is the Church-style presen-
tation of System F where only binding occurrences of variables are annotated with
types. Schubert recently discovered the surprising result that typability in that system
is undecidable [34]. Note that the reduction from H-2CA to Sub [36] does not prove
undecidable a fragment of Sub that matches with the partial reduction from F + y-TC
to F + »-Typ [44, 45], so it does not contribute to proving F + #-Tvyp undecidable.
Similarly, Goldfarb’s original proof of undecidability for second-order unification does
not contribute to the proving typability undecidable for Church-style System F.

2. Basic definitions and notation

This section presents basic definitions, notation, and nomenclature for standard con-
cepts. We define the untyped A-calculus and System F in the Curry style. We state
precisely the problems of typability (Tve), type checking (TC), and semi-unification
(SUP).

2.1. General notation

Small roman letters from the middle of the alphabet (from  through ¢) are used as
metavariables ranging over N (the natural numbers: 0, I, 2, ...). If we say that some
character is used as a metavariable for some set, then this also applies for superscripted
or subscripted variations.

For any kind of entity X, the notation X" denotes the sequence X|,X; - X, and the
notation X denotes X" for some natural number » that is either unspecified or clear from
the context. The notation X may also be used to stand for either the set {X;, X3, .. .. X}

or the comma-separated sequence X, X,..., X, depending on the context.
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Fig. 3. Undecidability reductions related to System F.

For any function f (which may be partial), the expression DOM(f) denotes the
domain of definition of f and RAN(/) denotes the range of f. For any injective
function f, the expression f~! denotes the inverse of f. For any functions / and g,
the expression f og denotes the least defined function such that (f o g)(x) =z if there
exists y such that f(x)=y and g(y)=z. For any set S and function f, the application
S(S) denotes the set { f(s)|s€ S} and f | S denotes the restriction of the function
f defined only on DOM(f)NS. For any sequence X", writing f(X") denotes the
sequence f(X))--- f(X,). For any set S, the expression |S| gives the cardinality of S
(written o if the same as the size of N).

2.2. A-Terms

Our notation for the A-calculus generally follows Barendregt’s [1]. The set of all A-
terms A is built from the countably infinite set of A-term variables ¥~ using application
and abstraction as specified by this grammar:

A= V| (AA) | AV .A).

Small roman letters from the beginning or end of the alphabet (e.g., q, b, ¢, x, ¥, z)
are used as metavariables ranging over ¥~ and capital roman letters from the middle
of the alphabet (e.g., M, N) as metavariables ranging over A. When writing A-terms,
omitted parentheses are to be inferred by the rule that application associates to the left
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and the scope of the binding “/ix.” extends as far to the right as possible, i.e., MNP =
((MN)P) and 72x.MN = (Ax.(MN)). The notation A¥.M stands for Ax,. --- .ix;.M for
some appropriate k. We allow only A-terms which obey the restriction that no variable
is A-bound more than once and no variable occurs both A-bound and free. The symbol
KK denotes the standard combinator (Ax.Ay.x).

The expressions FV(M) and BV(M ) denote respectively the free and bound variables
of a A-term M and V(IM)=FV(M)UBV(M). A .-term is open if it has no A-bound
variables and is closed if it has no free variables.

If M and N are A-terms, then M = N means that M and N are syntactically identical
(we have no need for a-conversion on terms in this article). The statement N C M
denotes that N is a proper subterm of M and N CM includes the possibility that
N=M.

The grammar for terms is extended with the possibility of a distinguished symbol
3, called a hole, to yield the notion of a context. Only contexts with one hole are
allowed. Let C range over contexts. [f M is a /-term, then C[M] denotes the result
of replacing the hole in C by M, including the possible capture of free variables in
M by A-bindings in C. For a context C, define BHV(C) to be the subset of /-bound
variables in BV(C) whose scope includes the hole in C. All other notions defined on
terms are automatically extended to contexts. The hole of a context is considered to
contain no variables, either free or bound.

A J-term-variable renaming is a bijective mapping from ¥ to ¥ . A renaming
which differs from the identity on only finitely many variables may be specified as a
finite mapping R such that DOM(R) = RAN(R); it is automatically extended to be the
identity on any x ¢ DOM(R). The application R(M ) of a renaming R to a A-term M
is carried out by replacing each variable x (either bound or free) in M by R(x). (Note
that substitution and «-conversion are not defined on A-terms in this report.)

The /-terms defined so far belong to the usual i-calculus, which is sometimes called
the AK-calculus. The Al-calculus is similar but forbids the binding of variables with
no A-bound occurrences. The set A; C A of terms in the ~/-calculus is defined as those
A-terms that do not have subterms of the form (/x.N) where x ¢ FV(N).

2.3. Types

The set of type expressions T, is built from the countably infinite set of type
variables V using the “—” and “V” type constructors as specified by this grammar:

Texp = V [ {Texp = Tep) [ (VV.Tiyp)

Small Greek letters from the beginning of the alphabet (e.g., %, 5, 7, o) arc metavari-
ables over V. Small Greek letters towards the end of the alphabet (e.g., g, 1, p) are
metavariables over T..,. When writing type expressions, omitted parentheses are to be
inferred by the rule that arrows associate to the right and the scope of the binding
“Vo.” extends as far to the right as possible, ie., 6 — 1 — p=(6 — (1 — p)) and
Va.o — 1= (Yalo — 1)).
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The expression FTV(7) denotes the free type variables of type expression 1. A
type expression is open if it has no bound type variables and is closed if it has no
free type variables. In the type expression Va.Vf.7r, the quantifiers “Vo” and “Vf”
are adjacent. In the type expression Va.t, if a ¢ FTV(1), then “Vo” is a redundant
quantifier.

The set of types T is obtained from T, by quotienting T.., by the operations
of a-conversion, reordering of adjacent quantifiers, and inserting/deleting redundant
quantifiers. The set T, is obtained from T, by quotienting T, by a-conversion
without considering the other operations. For example, by reordering and a-conversion,
the type expressions g =Va.Vf.a — f, t=VhVaf — «, and p=VfSVau — f all
denote the same member of T, but only ¢ and t denote the same member of T,. As
another example, by insertion/deletion of redundant quantifiers, the type expressions
VpVo.x and Vo.x denote the same member of T. Unless specified otherwise, type
expressions given in this report denote types. Operations on types will be specified
using type expressions which represent the types. Type expressions without quantifiers
are identified with the corresponding type. The usual definition of System F uses T,
instead of T; see section 3.2 for a proof this makes no significant difference.

A type is either a type variable or a —-fype or a V-type. Capital Roman letters in
a “blackboard-bold” style (e.g., X and Y) are metavariables over subsets of T. For a
set of types X, the notation FTV(X) denotes | J, -  FTV(1). The notation Vd.g stands
for Va,.--- Vou.o, which in turn stands for Vo,.(--- (Va.0)---). The symbol “1” is
shorthand for Vo.o. The notation V.o means ¥&.¢ where & =FTV(0).

Convention 2.1. When type expressions are written to specify types (the default mean-
ing of a type expression in this report), using a-conversion it is assumed that no vari-
able is V-bound more than once, that the V-bound type variables of any two type
expressions are distinct, and that the V-bound type variables of any type expression are
distinct from the free type variables of another type expression.

A substitution is a partial function from V to T. Let R, S, and T range over
substitutions. When used on a type g, a substitution .S is automatically extended into a
function from T to T in the standard way, i.e., S is extended to the identity on variables
not in its domain of definition, and then it simultaneously substitutes S(«) for all free
occurrences of o in o, renaming bound variables in ¢ as necessary to avoid capturing
free variables of S(a). A substitution may be specified in any of the usual ways for
writing partial functions. In addition, the notation [« :=1y,..., %, := T,], which may be
abbreviated as [#:=T7], denotes the substitution { o; — 7; | 1 <i<n}. The application
of a nameless substitution is written with the substitution on the right, e.g., o[¥:=7],
while a named substitution S is written on the left, e.g., S(o).

A type-variable renaming R is a bijective substitution such that DOM(R) = RAN(R)
(which guarantees that when R is extended to be the identity on variables not in
DOM(R), the extended function is a bijection on V). A renaming is a partial function
R from ¥ UV to ¥ UV such that R | 7~ is a renaming of A-term variables and R | V
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s a renaming of type variables. When R is applied to a term. R | ¥~ is used. when
applied to a type, R | V is used.

The notation ¢ C t means that the type o is properly embedded in the type 1. This
relation is the transitive closure of the smallest relation such that ¢ C 1 if there exist
both & and p such that t=Vd.oc — p or t=VYd.p — 0. This definition is a bit unusual
because Vf.0 ¢ Va.Vf.0. The notation ¢ C t includes the possibility that ¢ = 1.

2.4. Tvpe inference

A pair x:0 where x€ ¥ and o€ T is called a rype assumption. © A finite set of
type assumptions 4= {x,:0y,...,x,:d,} which associates at most one type ¢ with
any A-term variable x is a type environment.’ (Because we assume that no variable
1s A-bound twice in a A-term, viewing a type environment as a set causes no prob-
lems.) A type environment can also be viewed as a function so that A(x) denotes the
unique type ¢ such that (x:0)€ A. The expression FTV(A4) denotes FTV(RAN(4)).
For a substitution S and type environment 4, define S(4)={x:S(r)|(x:1)€4}. For
a renaming R, define R(4)={R(x):R(t) | (x:1)€A}.

An expression 4 = M : 17, where 4 is a type environment, M is a /-term, and 1< T,
is a sequent.® throughout a sequent it is the case that all V-bound type variables arc
named distinctly from each other and that the V-bound and free type variables do not
overlap (satisfied by x-conversion).

A derivation & consists of a (final) sequent, zero or more subderivations &, and a
rule » such that the final sequent of & is a valid conclusion of the rule » using the
final sequents of the subderivations & as premises. We may write this as & = (.4
M:t.Z) or

~@l (jn
= ————7.
AFM 1

<

We extend renamings to derivations by R({(r,AF-M : 1. 7)) = (R(r).R(A)F R(M ) : R(7).
R(E})). (The R(7) part only does anything when » = GEN,.) The global type entiron-
ment of & is 9(Z)=\J, <<, 4. (Due to our assumption that no variable is Ai-bound
more than once in a term, 9(<) is a well defined type environment.) The final de-
rived type of a subterm occurrence N in & is FDT(%,N)=1t where A - N :1 is the
outermost sequent in & to mention N as its subject.” When the derivation & is clear
from the context of discussion, %(x)=(%(%))x) and FDT(N)=FDT(Z.N).

A type assumption has also been called by others a declaration, a tvpe assignment, or a type statement.

" A type environment has also been called by others a rype assignment, a basis, an environment. or a
context, although the term context usually indicates it is ordered.

8 A sequent has also been called by others an assertion, a type assignment formula, a judgement. or a
typing.

? This notion is not completely defined because there may be multiple occurrences of a subterm N C M
with distinct typings. This does not pose a problem in this report because it is always clear from the context
of discussion which subterm occurrence is meant.
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VAR Atz Alx)

AEM:0—>T, AFN:o

APP AF(MN):71
w e
GEN, Z%ﬁ% a ¢ FTV(A)

Fig. 4. Type inference rules of System F.

The inference rules of System F are given in Fig. 4. Unless specified otherwise, all
derivations in this report are of System F. The name GEN stands for the collection of
GEN,, for all type variables .

A typing of the term M is a derivation whose final sequent is 4 F M : 1 for some
type environment 4 and type 7. A A-term M is typable if and only if there is a typing
for M.

Definition 2.2 (Typ). The typability problem: Given an arbitrarily chosen A-term M,
is M typable?

Definition 2.3 (7C). The type-checking problem: Given arbitrarily chosen A-term
M, type environment 4, and type 7€ T, is there a derivation whose final sequent is
AFM:1?

2.5. Semi-unification

For convenience, we define semi-unification using a first-order signature containing
the single infix binary function symbol “—” and for the case where there are only two
pairs of terms. (The general definition of semi-unification is reducible to this special
case [32, 19] and the proof that semi-unification is undecidable is actually for this
special case [19].)

The set of algebraic terms . is defined by the grammar 7 ::=V [(J — F). (This
definition is chosen because it allows mapping terms onto types. In fact, 7 C T.) An
instance I' of semi-unification is a set of two pairs

I'={(t1, 1), (72, t2)},

where 1,72, 11, 42 € 7.0 An open substitution is a substitution S such that RAN(S)
contains only open types. An open substitution S is a solution for an instance I

10 Sometimes the pairs are written with the symbol “ <™. We avoid that symbol because of its frequent use
for denoting subtyping relationships.
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of semi-unification if and only if there also exist open substitutions S;,S> such that
S1(S(11))=5(w) and Sx(S(12))=S(p2). "

Definition 2.4 (SUP). The semi-unification problem: Given an arbitrarily chosen in-
stance I' of semi-unification, does I have a solution?

3. Properties of derivations in System F

This section proves some useful properties about derivations in System F. These
properties make it easier to reason about and manipulate derivations.

3.1. Basic properties

Definition 3.1 (INST-Before-GEN Property). A derivation & satisfies the INST-
before-GEN property if in & the premise of a use of the INST rule is never the
conclusion of a use of the GEN rule.

Lemma 3.2. If & is a derivation ending with the sequent A - M :t, then there is
a devivation 2' ending with the same sequent that satisfies the INST-before-GEN
property.

Proof. This is an immediate consequence {or restatement) of Theorem 3 in [10] which
is itself a direct consequence of “the normalization property for second-order deductions
given in [30]”. O

Definition 3.3 (GEN-Distinct Derivations). A derivation % is GEN-distinct if for ev-
ery subderivation ending with

A-M:o

A M: VI.GGENX

it is the case that the type variable o does not appear free later in & or in any other
subderivation of Z.

’

Lemma 3.4. For any derivation 2, there is a GEN-distinct derivation &' which has

the same final sequent and rule-tree structure as <.

Proof. Let #=N* be the set of strings over N. Let p and g range over 2. Let =
denote the empty string and p-q denote concatenation. Let ¥ be an injective func-
tion from # to type variables which do not appear in . Define the function @ on

7

"It is possible to define semi-unification on T rather than on 7. Then the requirement that the solution
be open could be dropped. However, this is not the definition used in the proof of undecidability [19], so it
would be necessary to prove the two problems equivalent.
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derivations as follows:

®(p, (GEN,, A - M :1,9)) = (GENy(, A - M : 7, 8(p- 1R, (D)),
O(p.(rnAbEM:t,7"))=(rnd-M:1.&(p-1,%),...,8(p-n,2,))
if r € {VAR,ABS, APP,INST}

where R, , ={a— ¥(p), P(p)— a} is a type-variable renaming that swaps « with a
fresh type variable and is the identity on other variables appearing in Z. It can be
checked that &(c, %) is a GEN-distinct derivation with the same final sequent as &
and the same rule-tree structure. [J

Using Lemma 3.4, henceforth it is assumed (unless specified otherwise) that all
derivations are GEN-distinct.

Remark 3.5. In a Church-style presentation of System F, the INST-before-GEN prop-
erty would be expressed as the notion of being in normal form with respect to type-level
f-reduction. The GEN-distinct property would be expressed as the notion of distinct
type-level A-abstractions binding distinct type-variable names.

The following lemma is a specialized version of the standard weakening lemma. In
this version, we are interested not only in the final result (the weakened derivation),
but how it is necessary to alter the internal structure of the derivation to get this result.

Lemma 3.6 (Weakening). Let & be a derivation whose sequents are A; = M;:t; for
1<i<n Let B be a type environment such that DOM(B)NDOM(%(2))= . Let
X be the set of type variables which are generalized in . Let R be a type-variable
renaming such that (1) for everv type variable o occurring in 9, either R(a)=a or
R(a) is fresh (not mentioned in %) and (2) R maps FIV(BYNX to fresh names.
Then there must be a derivation %' whose sequents are R(A;)UB = M, : R(z;) for
l<i<n

Proof. By induction on the length of 2. O

Definition 3.7 (“=<” and “<”). In this definition, let X range over either types, sets of
types, or type environments. Let “<y” be the least relation such that Va.o <y V¥.5(0)
if DOM(S)={&} U(FTV(s) — FTV(X)) and {7} NFTV(X)=. Let “<x” be the
least relation such that V&.0 < x V7.5(g) if DOM(S) ={&} and {7} NFTV(X)= .

Lemma 3.8 (Initial/final derived types). Let 2 be a typing for M and let N CM be
a subterm occurrence. Let @' be the subderivation of 2 for N. Let ' end with
A+ N:t. Then IDT(2,N) =4 FDT(2,N). Furthermore, if & satisfies the INST-
before-GEN property, then IDT(2,N) <4 FDT(Z,N).

Proof. By induction on derivations. O
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Lemma 3.9 (INST-before-GEN Generation). Let % be a derivation satisfving the

INST-before-GEN property.

1. If the final sequent of & is AFx:t. then A(x) <, t.

2. If the final sequent of % is At MN :1, then & contains a subderivation of the
following form where v/ < ©:

7

AFMo—1 AFN.g
A+ MN: 1

APP.

3. If the final sequent of & is A+ ix.M: 1, then 1=N%.0—p where {Z}FTV(4)=
& and & contains a subderivation of this form:

AU{x:cr}l—M:pr
AR AxM:0—p

ABS,

Proof. Using Lemma 3.8 and the rules of System F in Fig. 4. [

Lemmas 3.8 and 3.9 will be used implicitly in proofs throughout the rest of the
paper, so the reader needs to remember them.

3.2, Adjacent and redundant quantifiers

This section shows that this report’s convention of freely allowing reordering of
adjacent quantifiers in types and adding or removing redundant quantifiers to/from
types does not affect the set of terms typable in System F and has only a negligible
effect on the derivable typings.

Definition 3.10 (Canonical type expressions). Let T be the function from T to T,
defined as follows:

Y(Vip)=pf ifpg{a},
TOVF o) = L if1<i<n.
T(Vic—1)=VYp.T(e)— T(xr) where {f} ={&} NFIV(s—1) and the

members of ﬁ are in order from left-to-right
of their leftmost occurtences in ¢ — 1.

Extend T to type environments so that (Y(4))}x)= T(A(x)). A type o € T, is canon-
ical ff 6 € RAN(T). Let F, be defined in the same way as System F except using T,
wherever T is used in the definition of System F.'> A derivation & of F, is canonical
iff all types appearing in & are canonical.

' The usual definition of System F is in fact F,.
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Lemma 3.11. If A+ M : 1 is derivable in System F, then there is a canonical deriva-
tion & in F, ending with T(A)+ M : T(1).

Proof. By induction on the structure of derivations. Let 2= (r,A - M :7,2") be a
derivation of System F. By cases on 7, the last rule used. The cases of VAR, ABS, and
APP are omitted because they are simple. The interesting cases are GEN and INST:
1. Suppose » is GEN,. Then the last step in & looks like this:

AEM: .t

——GEN,.
A M Vot *

By the induction hypothesis, there is a canonical derivation %’ of F, ending with

TY(A)F M: T(7). There are two cases.

(a) Suppose o ¢ FTV(1). Then Y(Va.t)= T(z). Thus, &’ is the desired derivation.

(b) Suppose « € FTV(1). Let T (Vo.1) = V7Y ¥d.6 where o is not a V-type. Ob-
serve that T(r):\f)?’.vg.a. Observe that a ¢ FTV(Y(4)). By a-conversion, take
¥ to be such that 7 ¢ FTV(1(4)). Thus, by multiple uses of INST starting from
9’ the sequent T(4A)+ M : Vé.0 is derivable in F,. Multiple uses of GEN then
derive T(4)F M : T(Vo.7) in F,. The resulting derivation satisfies the claim of
the lemma.

2. Suppose » is INST. Then the last step in & looks like this:

A M Vart

-] .
A M:t[o:=p] NST

By the induction hypothesis, there is a canonical derivation 2’ in F, ending with

Y(4)F M : Y(Vo.t). There are two cases.

{a) Suppose a ¢ FTV(z). Then T(Vo.1)= T(1). Thus, &’ is the desired derivation.

(b) Suppose o € FTV(z). Let T(Va.t):V)?Va.Vg.a where ¢ is not a V-type. By
o-conversion, take ¥, a, and 5 to be such that YE€FTV(T(4)), )’)‘,5 ¢FTV(p),
and all of ¥, o, and 5 are distinct. Observe that T(r):V?'.VS.o. By multiple
uses of INST starting from 2, the sequent Y'(4) + M :Va.Vd.6 is derivable
in F,. By INST, the sequent 1(4) + M:(Vg.cr)[oc:: T(p)] is derivable in
F,. By multiple uses of GEN, the sequent 7' (4) M:V?.((Vg.a)[a:: T
is derivable in F,. Observe that any occurrence of « in ¢ must either be at
the root of o or imrgediately below a “—”. It can be checked that V*}"((V(_S’.a)
[o:= Y (p)D) = (V7Vo.o)a:=T(p)]= T(1)la:= T(p)]= T(z[a:=p]) in F,.
Thus, the resulting derivation satisfies the claim of the lemma. (J

4. Undecidability of type checking for System F

This section proves that TC is undecidable for System F. The proof works by
reducing the SUP problem to the TC problem.
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Theorem 4.1 (SUP<TC). SUP with a single binary function symbol and two pairs
in each problem instance is reducible to TC in System F. Furthermore. this reduction
works for Svstem F restricted to terms of the M -calculus.

Proof. Consider any instance I' of SUP of the form I' = {(t,,,), (12, 42)}. Let the
free type variables in 7y, y;, 12, and u; be contained within {x...., ay }. Pick fresh
type variables &; and d,. We construct an instance of TC from the SUP instance I
First, construct a A-term M (which does not depend on I'):

M = b(/Ax.cxx).
Then, construct a type environment 4; (which depends on I'):

A (b)y=Y7.(y—=7)— B,
Ar(e)=Y.(1t1 — 1) = (02— p2) = (11 — 12).

The free type variable § will be the type of M if it is typable at all with the type
environment A;. The V-bound type variables a4, ..., a,, correspond directly to the vari-
ables occurring in the semi-unification instance I The V-bound type variables &, and
&> are used where we do not care to what types they are instantiated so long as they
match whatever needs to be matched. The V-bound type variable ¢ is used to require
the final derived type for (cxx) to be equal to the assigned type for x.

It is easy to see that the A-term M is a term of the //-calculus. What is left to show
is that I has a solution if and only if there is a derivation in System F with final
sequent A = M : . The two directions are proved separately in the rest of this proof.

Suppose I' has a solution, i.c., there are open substitutions S, S;, and S5 so that
S1(S(11))=S(1t;) and S>(S(72))=S(1>). Then there is a derivation of 4, F M : f§ as
follows. Let B be the following type environment:

B=A4; U{x:V.S(1)) — S(12)}.
The following sequents are clearly derivable merely using the VAR and INST rules:
B c:(S() — S1(8(12))) = (52(8(11)) = S(p2)) — (S(71) — S(12)).
B x:851(S(11) = Si(S(12)),
B x:5(5(11)) — 52(S(r2)).
Now, because S{y)=3S1(S(t;)) and S(;,)=S5(S(72)) (because S, S|, and §> form

a solution for I'), these sequents are derivable from the preceding sequents using the
APP and ABS rules:

BF ex:(82(S(11)) = S(p2)) — (S(11) — S(12)),

Bt cxx : (8(1y)— S(12)).

Assume with no loss of generality that the range of the open substitutions S, S|, and
S> do not mention the type variable f. So this sequent is derivable using the GEN
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rule:
B oexx ¥.S(1) — S(12).
These uses of the ABS, VAR, INST, and APP rules are straightforward:

Ar F2x.exx  (V.8(11) — S(12)) — (V.S(11) — S(12)),
Ar B b ((V.8(t1) — 8(12)) = (¥.5(t1) — S(12))) — B,
Ar F b(Ax.cxx): p.

The final sequent in this derivation is the desired one.

The proof of the other direction is more complicated. Suppose that there is a deriva-
tion & that ends with the sequent A - M : . By Lemma 3.2 we assume that & satisfies
the INST-before-GEN property of Definition 3.1. The following analysis shows there
is a solution for the semi-unification instance 1.

In this derivation 2, let B be the type environment used in deriving a type for (cxx).
Let ¢ be the type assumed for x by B, i.e., B=ArU{x: o}. The sequent that produces
the final derived type for ¢ must be the following sequent:

Bt (T(u)—T(6) = (T(62) = T(12)) = (T(x1) = T(12)).

The substitution 7 represents the effects of using the INST rule for each type variable
in {ay,..., %, 01.82}. With no loss of generality, assume that for each type 7 in the
range of T, the free type variables of 7 are contained in the set {«,,...,a,} for some
nzm, ie., FIV(1)C{x,...,a,}.

Because ¢ will be applied to x, the final derived type of ¢ must have no outermost
quantifiers. By the INST-before-GEN property, there are no uses of the GEN rule
for ¢. Because the shape of the final derived type for ¢ lacks embedded quantifiers
in particular positions, the final derived type for each occurrence of x must be an
— -type. Thus, the sequent in & that produces the final derived type for the first
occurrence of x must be exactly this:

BFx:T(u)— T(6). (1
Then, the APP rule must be used to produce this sequent in ¥:
Bt ex:(T(02) = T(12)) = (T(11) = T(12)). (2)

Because (cx) will be applied to x, the final derived type for (cx) must have no outer-
most quantifiers. If some quantifiers were introduced by GEN, then they would have to
be removed again by INST. Thus, by invoking the INST-before-GEN property, there
will be no use of the GEN rule using sequent (2) as its premise. Thus, for the second
occurrence of x, the sequent producing its final derived type must be exactly this

Bl x:T(6)—T(12). (3)
At this point the APP rule must be used to produce this sequent:

Bt cexx:T(t))— T(12).
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Now some number of uses of the GEN rule will result in a sequent that looks like
this:

BF cxx :YE(T(1))— T(12)),

where £ is a subset of {u,...,2,}. By the INST-before-GEN property, there arc no
uses of the INST rule at this point. The next step in the derivation must be to use
ABS to produce this:

Ar b sxcexx o —VE(T (1) — T(12)). (4)
Consider now the sequent producing the final derived type for b, which must look like
this:

ArEb:(@—p)—p. (5)
The derivation must now type the application (b(ix.cxx)). Observing the shape of
the final derived type for b shows that the final derived type for (Zx.cxx) must not
have any outermost quantifiers. Using the INST-before-GEN property, there is no use

of the GEN rule with the sequent (4) as its premise. Thus, the sequents (4) and (5)
must be combined using the APP rule to produce this sequent:

A F b(ix.cexx): f.

As expected, the type derived for (b(/x.cxx)) must be exactly . In order for the APP
rule to have been used this way, it must be the case that these types are equal:

p=a=VYE(T(1))—T(12)).

Based on our new knowledge of the type ¢ which was assigned to x, the sequents
producing the final derived types of the first and second occurrences of x must be
exactly these:

BEx:T\(T(1)))— T1(T(12)), (6)
B x:To(T(t1)) — To(T(12)). (7)

In these equations, 7} and T» are substitutions from V to T which must be the identity
on any type variable not in {oy,...,%,}. The substitutions 77 and T, represent the
effects of using the INST rule once for each ¢, € &.

Recall now the sequents (1) and (3) from above. Because the sequents (1) and
(6) must actually be identical and likewise the sequents (3) and (7), the following
equalities must hold:

TUT(t ) =T ), Ti(T(r2))=T(5)),
T5(T(11)=T(02), To(T(r2))=T(p2).

This is almost, but not quite, a solution for the semi-unification instance I'. The differ-
ence is that the ranges of T, T, and 7> may include types with bound type variables.
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Using T, 7|, and T,, define the open substitutions S, S;, and S, which will form
a solution for I'. Pick some type variable § arbitrarily. Define the function erase to
erase quantifiers from a type as follows:

erase(d)=u,
erase(ag — 1) =erase(a) — erase(t),

erase(Va.o) = erase(alo = f]).

Now define the behavior of S, S|, and S» for each &, € {u,...,2,} so that S(x)=
erase(T(a;)), Si(o;)=erase(T (x;)), and Sy(«;) = erase(T2(x;)). Let S, S, and S> be
the identity on any other variables. The observation that for i,; € {1,2} it is the
case that erase(Ti(T(t;))) = erase(T{erase(T(7;)))) shows that the equalities S1(S(71))
=S(u;) and S>(S(72))=S(u2) both hold. Thus, S is a solution for I". [

5. Derivations with invariant type assumptions

This section establishes machinery that will be used in Section 6 to chain together
a number of results. We define the notion of an invariant tvpe assumption and what
it means for one set of types to induce another set of types.

Definition 5.1 (Invariant type assumption). An invariant type assumption is a type
assumption for a bound variable that must be essentially the same in all type deriva-
tions for a particular term. This notion 1s defined more precisely as follows. Let M
be a A-term, x a bound variable of M, p a type, and 4 a type environment such
that DOM(A)=FV(M). We say that 4 and M induce the invariant type assumption
(x: p) if and only if both of the following properties hold:
1. There is a derivation 2 ending with 4 - M : ¢ for some type © where %(x)=p.
2. For every dertvation 2 ending with 4 = M :t for some type 7, there exists a
type-variable renaming R such that R(4)=4 and %(x)=R(p).
(Remember that % denotes the global type environment of a derivation.) [J

Section 6 will prove that type environments and A-terms that induce various desired
invariant type assumptions can be constructed. However, achieving the main result will
need a way to chain these results together and to express that a number of invariant
type assumptions can be induced simultaneously. To accomplish this, Definition 5.2
provides a similar notion, but in terms of contexts and type environments. The differ-
ence between the complexity of Definitions 5.1 and 5.2 is due to the latter definition’s
need to impose the invariant type assumptions on arbitrary terms, to handle simulta-
neous constraints, and to deal with extra term variables. For simultaneous constraints,
one of the requirements is that contexts must be chained together and that the invariant
type assumptions imposed by the outer context must be successfully passed through
the inner context. Extra term variables are used in the construction of an invariant
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type assumption, but the types of these variables might not be constrained and will not
be used.

Definition 5.2 (4, Ci>B). Let AUB be a type environment and let C be a context such
that FV(C) C DOM(4), BV(C)NDOM(4) = &, and DOM(B) C BHV(C)UDOM(4).
The statement 4,Cr-B (“the type environment 4 and context C together induce
the type environment B”) holds iff for any term M and type environment A’ such
that C[M] is a term, FV(M) C DOM(A U BUA"), DOM(4")N(DOM(A)UBV(C[M])) =
&5, and FTV(A4')NFTV(B) CFTV(4), both of the following properties hold:

}. If o is a type such that

AUVAUBFM:g

is derivable, then there exists a type 7, a type environment £ such that DOM(E) =
BHV(C) — DOM(B), and a derivation & containing these sequents:

A UAFCIM]:x,
A UVAUBUEF M :o.

!\J

If 7 is a type and & is a derivation containing
AUA - CM]:t,

then there exists a type ¢, a type environment £ where DOM(E)=BHV(C) -
DOM(B), and a type-variable renaming R satisfying R(4UA4’)=4 U4’ such that &
also contains this sequent:

AUA URBYUE Mo

(The type environment 4’ covers extra free variables of M that are not handled by
either 4 or the bindings in C whose types should be invariant. This is necessary to
support chaining contexts to induce simultaneous constraints. Type variables in the
difference FTV(B) — FTV(4) will always need to be discharged by the GEN rule in
the course of typing C, so they must not be mentioned by A’. The type environment
E covers the extra variable bindings of C whose scope includes the hole and whose
types need not be invariant (i.e., bindings which do not have types given for them
by B).)

Often, the particular choice of the context and the term variables mentioned in the
type environments is unimportant. The following definition abstracts away these details.

Definition 5.3 (X » Y). Let X and Y be type sets. An algorithm ¥ taking a type
environment as input and returning a type environment and a context as output is
a witness for the statement X » Y (“the set of types X induces the set of types
Y iff for every non-empty type environment B such that RAN(B)C Y it holds that
Y(B)=(A,C) where RAN(4)C X, FTV(RAN(A4)) DFTV(X)NFTV(RAN(B)), and
A,Cr-B. The statement X » Y holds iff there exists a witness for it.



132

J.B. Wells| Annals of Pure and Applied Logic 98 (1999) 111-156

Lemma 5.4 (Properties of > and » ). Let X, Y, and Z range over subsets of T.

L.

2
3.
4

e

R

—_— —

If A,C>B then R(4),R(C)>R(B) for any renaming R.

. AfA,C>,B then A,C>AUB.

If A,C>B\UB;, then A,C>B,.

. If A4,C>B, FTV(4)DFTV(A)NFTV(B), and DOM(4')N(DOM(4)UBV(C))

=, then AUA',C>B.

If the type environment A and the term M induce the invariant type assumption
(x:7) and either T is not a V-type or FIV(1) CFTV(4), then RAN(4) » {t}.

If X » Y, then R(X) » R(Y) for any type-variable renaming R.

If X» Y then X » XUY.

IfX » Y, UY; then X » VY.

If X, » Y and FTV(X) DFTV(X)NFTV(Y), then X, UX;, » Y.

If X» XUY and XUY » XUYUZ, then X » XUYUZ.

If X» Yy and X » Yy and FTV(Y)NFTV(Y2) CFTV(X), then X » YUY,

Proof. Given decidable sets X,Y,Z C ¥ of A-term variables, let Ry y 7 be a term-
variable renaming which swaps the members of (X NY) — Z with variables outside of
X UYUZ chosen in some deterministic manner and which is otherwise the identity.
Let Ry y =Ry v . Each property is proved separately.

1.

w

The statement 4, Cr> B does not depend on the particular variable names involved,
but rather on which variable names are the same and which are different. Applying
a renaming does not affect this, so 4, C> B holds iff R(4), R(C) > R(B) holds.

. By inspection of Definition 5.2.

By inspection of Definition 5.2.

. It is given that 4,CrB, FIV(A)DFTV(4)NFTV(B), and DOM(4')N

(DOMUA)YUBV(CH=T.

It must now be checked that 4 UA’,C>B. We prove that it satisfies each prop-

erty of Definition 5.2. Let M and A be such that C'[M] is a term, FV(M)C

DOM(4 U A’ U4 UB), DOM(A)N(DOM(AUA )UBV(C'[M]))= &, and FTV(4)

NFTV(B)CFTV(4U4).

(a) Let ¢ be such that 4UA’UAUBF M : ¢ is derivable. By 4,C>B and Defini-
tion 5.2(1), using 4’ UA as the extra type environment such that FTV(4’ UA)
NFTV(B) CFTV(4), there is a type 7, a type environment E and a derivation
Z containing the sequents A UA’' UA F C[M]:tand AU’ UAUBUEF M : 0.
This derivation & is exactly what is necessary.

(b) Let 7 and & be some type and derivation such that & contains 4 UA’ UA +
C[M] : 1. By 4,C1>B and Definition 5.2(1), interpreting A’ UA as the extra
type environment such that FTV(4' U4A)NF TV(B)YC FTV(A), there must exist
some type o, type environment E, and type-variable renaming R satisfying
R(AUA'UA)=AUA"UA such that & contains AUA’ UAUR(B)UE + M : 0.
This subderivation is exactly what is needed.

. It is given that 4 and the term M induce the invariant type assumption (x:7). It

holds that M = C[Ax.N] for some context C and term N. Let C' = C[Ax.KN]. It
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can be checked that 4,C" > {x:1}.
The witness ¥ for RAN(A) » {t} is defined in one of two different ways as follows.
(a) Suppose 1 is not a V-type. Then define ¥ so that

P (B) = (R(4).R(C"H[(Ay1. - (Zy.LDR(x)) - - HR(x)])

where DOM(B)= {¥} and R = Rpomi.1)u vic'n.povg)- 1t can be checked that
¥ is a witness for RAN(4) » {<}.
(b) Suppose FTV(t) CFTV(4). Then define ¥ so that

Y(B) = (R(A).C\[C[--- C, - -]])

where DOM(B) = {7}, R=Rpom.1yuv(c npomis), Ri renames BV(R(C')) to
fresh names except for R(x) which is renamed to y;, and C,=R,(R(C")). It
can be checked that ¥ is a witness for RAN(A) » {1}.

. Let ¥’ be a witness for X » V. Let P(B)=let (4,C) = P'(R"Y(B)) in (R(4). R(C)).
It can be checked that ¥ is a witness for R(X) » R(Y).

. Let ¥ be a witness for X » Y. Let Z(4)={x:t|(x:1)€4,1€Y }. Define ¥
like this:

P(B)= let (4,C) = Y(E(B))
in let B =B — Z(B)
in let (¥,Z) = (DOM(4) U V(C), DOM(B'))
in let (4',C") = (Ryz(4).Ry 7(C))
in let A" =4 UB
in (4".C").

The following argument shows that ¥’ is a witness for X » XU Y. Let RAN(B)
CXUY. Let 4, C, B, Y, Z A, C'. and 4” be defined as in the above al-
gorithm for computing ¥/(B). It is not hard to check that RAN(4”)C X and
FTV(RAN(A”)) DFTV(X)NFTV(RAN(B)). Thus, it only remains to show that
A", C' - B.

It holds that 4,C > Z(B). By property 1 proved above and the fact that Ry ,
(E(B))=Z(B), it holds that A’,C’ > Z(B). It can be checked that FTV(RAN(A))
DFTV(RAN(B))NFTV(RAN(E(B))), using the fact that RAN(B') CX and Def-
inition 5.3. By property 4 proved above, 4’ UB',C’t>Z(B). By property 2 proved
above, 4 UB,C'>2(B)UB’. This is exactly 4”7, ' > B, the desired result.

. Let ¥ be a witness for X » Y, U Y. It holds trivially that ¥ is also a witness for
X » Yl.

. Let ¥ be a witness for X; » Y. Because FTV(X|) DFTV(X,)NFTV(Y), it can
be checked that ¥ is also a witness for X, UX, » Y.
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10. Let ¥, be a witness for X » XUY and let ¥, be a witness for XUY » XUY
UZ. Let ¥ be the algorithm defined as follows:

P(B)= let (43, Cy) = ¥a(B)
in let (A/,C{) = 'I’;(Aé)
in let (X,Y,Z)= (DOM(A;)UBV(C{),BV(CQ),DOM(A&))
in let (4,,C1) = (Ry, v, 2(4)),Rx, v, 2(C)))
in (4;,Ci[C2]).

The following argument shows that ¥ is a witness for X » XUYUZ. Let
RAN(B)CXUYUZ. Let 4, 4, 45, C|, C, C5, X, Y, and Z be defined as in
the above algorithm for computing ¥(B). Let 4, =4, U4}, let A3 =4, UB, and let
C=C|[G,]. It can be checked that RAN(4,) C X and FTV(RAN(4;)) 2FTV(X)
NFTV(RAN(B)). Thus, the only thing remaining to be shown is that 4;, C > B.

By the definition of ¥, it holds that 4, C{>A4}. By property 1 proved above and
the fact that Ry, y, z(45) = 45, it holds that 4, C > 4. By property 2 proved above,
Ay, Cy > 4;. By the definition of ¥, it holds that 45, C, > B. Using property 4 proved
above, it can be checked that 4,, C; > B. By property 2 proved above, 45, Cy > A45. It
is now sufficient to show that 4,, C|[C,]1> 43, because, by property 3 proved above,
that implies 4,,C > B.

The following argument now shows that 4,,C,[C2]>43. Observe that 4, C A,
CAs. It can be checked that 4,UA4; is a type environment, that FV(C)C
DOM(4;), that BV(C)NDOM(4;)=¢f, and that DOM(4;)CBHV(C)U
DOM(4,). Let M and 4’ be any term and type environment such that C[M]
is a term, FV(M) C DOM(43 UA4"), DOM(4') N (DOM(4,) UBV(C[M])) = &, and
FTV(4")NFTV(43) CFTV(4,). Observe that FTV(4')NFTV(4;) CFTV(4,), be-
causc FTV(A4,)CFTV(4;). Observe also that FTV(4A')NFTV(4,)CFTV(4')
NFTV(43) CFTV(4;). Each property of Definition 5.2 is now shown separately.
(a) This part proves that Definition 5.2(1) holds. Let ¢ be such that 4;UA4" - M : o

is derivable.

By 4,,C;1>4; and Definition 5.2(1), there is a type 1;, a type environ-
ment £, and a derivation &, containing the sequents 4, UA’ + C2[M]: 1> and
AsUA'UE, - M 0.

By A;,C) >4, and Definition 5.2(1), there is a type 7;, a type environment
E| and a derivation 2, containing the sequents 4, UA’ - C,[Co[M]] : 7, and
A UA'UE,| + G[M] : 1.

The existence of &, does not quite show the desired result, because the
subderivation inside &, for the subterm M does not necessarily have the type
environment which satisfies Definition 5.2(1). We can not merely use (the
standard notion of) weakening on 2, and then splice the result of weakening
into &, because the standard notion of weakening does not preserve the internal
structure of the derivation properly. Instead, we will use the more sophisticated
notion of weakening of Lemma 3.6. To do that, we must first establish the
preconditions of Lemma 3.6.
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Pick some type-variable rtenaming R that swaps FTV(E,)— (FTV(4U4)U
FTV(t3)) with fresh names and is otherwise the identity. The derivation R(% ) contains
the sequents 4, UA' = C,[C2[M]]:R(7)) and A, UA"UR(E| ) F Ci[M]: 1a.

Now, we will construct a variation on %, through weakening which can be spliced
into R(2,). Let W be the set of type variables generalized in &,. We want to show that
FTV(R(E|))N'W = . Suppose for « € FTV(R(E))) that x = R(f) where x # f3. Then x
is fresh and not in W. Suppose otherwise, i.e., for x € FTV(R(E})) that « = R(«). Then
2€ (FTV(4>: UA YUFTV(1;)). Because %, is GEN-distinct (standard assumption), this
means that x ¢ W. Thus, by Lemma 3.6, there is a derivation &5 containing the sequents
A UAURE) F Co[M]:12 and A3UA'UR(E|))UA;UE, =M 0.

Form the derivation & by splicing the derivation &) into R(Z,) at the appro-
priate place. Let t=R(7,) and E=R(E,)UE,. It holds that & contains 4, U4’
C\[Ca{M]]:7 and 4;UA"UE + M : o, which is the desired result.

(b) This part proves that Definition 5.2(2) holds. Let  be some type and let & be a
derivation containing 4, U4" - C\[Ca[M]]: 7.
By 4;,C| > 4> and Definition 5.2(2), there exist a type ¢, a type environment
E\, and a type-variable renaming R, satisfying Ri(4, UA")=4, U4’ such that &
contains this sequent:

A]UA/URI(Az)UEl'_CQ[M]ZO']. (8)

The fact that 4,, C> > A3 can not be directly used. Some renaming must be applied
first to match the type variables used in sequent (8). Let R, be a type-variable
renaming that swaps (FTV(R(4;)) — FTV(R(4,))) with fresh type variables
and is the identity on other type variables in 2. By Lemma 5.4(1) it holds
that R2(R(42)), C2 > R2(R1(A43)). Because Ry(FTV(R(A43))—FTV(R(42))) are all
fresh variables, it holds that FTV(4A’' UE| ) NFTV(R:(R(43)))=FTV(AL UE;)N
FTV(R(42)) CFTV(R(42)). Observe that Ry(Ry(42))=R((42)=A4; UR|(42).

Thus, by Definition 5.2(2), interpreting 4’ U E| as the extra type environment,
there exist a type ¢., a type environment E,, and a type-variable renaming R;
satisfying Ry(A' UE| URy(R((42)))=A4"UE, UR:(R(47)) such that & contains
this sequent:

A" UE URy(R1(42)) UR(R2(R(43))UE2 + M 2 g (9)

Observe that Ry(Ri(4;))=A;. Thus, 4, C Ry(R (4>)). Note that Ry(Ra(R(42)))
= Ry(R,(42)). Thus, R2(R(42)) C R3(R2(R(43))). Let R=R, o Ry o R; and let
E = E, UE,. The sequent (9) may be rewritten as:

A UA"UR(A3)UEFM :05.

This is the desired resuit.

11. It is given that X » Y, and X » Y, and FTV(Y)NFTV(Y;) S FTV(X).
By Lemma 5.4 (9), it holds that XUY, » Y,. By Lemma 5.4(7), it holds
that XUY; » XUY,;UY;. By Lemma 54(7), it holds that X » XUY,. By
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Lemma 5.4(10), it holds that X » XU Y, UY;. By lemma 5.4(8), it holds that
X » Yl U Yz, O

Definition 5.5. Inspection of the proof of Lemma 5.4 reveals that the proof of each

property has constructive content, i.e., algorithms that take witnesses (themselves al-

gorithms) for various statements and return witnesses for new statements. To support
building larger algorithms, the following algorithms are identified:

(1) Let IT, be the algorithm (from proof of property 11) such that if ¥} is a
witness of X' » V,’ for i € {1,2} and FTV(Y')NFTV(Y}) CFTV(X’), then
(W1, %) is a witness for X/ » Y[ UY].

(2) Let Iz be the algorithm (from proof of property 6) such that if ¥’ is a witness
of X’ » Y’ and R is a type-variable renaming, then ITz(¥’) is a witness of
R(X"y» R(Y').

(3) Let ¢ be the algorithm (from proof of property 7) such that if ¥’ is a witness
of X/ » Y/, then He(P') is a witness for X/ » X' UY’.

(4) Let Iepan be the algorithm (from proof of property 10) such that if ¥’ is a
witness of X/ » X'UY’ and ¥” is a witness of X' UY' » X' UY'UZ’, then
Henain(¥P', 9" 1is a witness for X' » X'UY' UZ'.

Lemma 5.6. Let X,Y CT. Let Y, Ya2,... be an infinite sequence of finite decidable
type sets approximating Y such that Y;C Y and |, ¢, Yi=Y. Let © be a
computable function such that if ¥ is a witness for X » Y; then O(¥,i) is a witness
for X » Y. Let X » Y. Then it follows that X » Y.

Proof. Let ¥, be a witness for X » V). Let ¥(B)=¥'(¥,,1,B) where ¥’ is:
WP i, B)=if RAN(B)C Y, then ¥"(B) else ¥ (O(¥",i),i + 1,B).

It can be checked that ¥ is a witness for X » Y. O

6. Undecidability of typability

This section uses the machinery of section 5 to prove that TC is reducible to Tvyp,
thus proving Tvp to be undecidable.

Definition 6.1 (height and parheight), The auxiliary metric feight(t) measures
the height of the type t viewing 7 as a tree, ignoring quantifiers, and letting a single type
variable be of height 1. The metric parheight measures the heights of the parameter
subtypes of a type. For a type 7 such that t=Vai.p, — ---Vai.px — Yoge:.p for k=0
and where § € V, define parheight(t) to be the maximum of {height(p,),...,height

(Pk )’0}

Definition 6.2 (B, U, C, T(k), U(k), C(k)). Here are definitions of a number of sets
of types within T which will be used throughout the rest of this section.

B={l}U{et—aalaecV}IUV,



J.B. Wells! Annals of Pure and Applied Logic 98 (1999) 111-156 137

U={V.r|teT and 7 is open},
C={v1|lreT},

T(ky={t|reT and parheight(t)<k},
Uk)=UnT(k),

Ck)y=CNTH).

The set B will be used as the basis of the inductive proof in Theorem 6.14. [ is
the set of universal types and C is the set of closed types. T(k), U(k), and C(k) arc
the subsets respectively of T, U, and C which contain only types of parheight <k.
Observe that { L} =U(0)=C(0)cB. =

Lemma 6.3. There is a i-term J such that J and the type environment & induce the
invariant type assumptions (v:Va.o) and (x: o — ).

Proof. Because the techniques used in proving this lemma are also required for the
later lemmas, a thorough explanation is given here to aid in later understanding.

Throughout this proof, view a parse tree notation for types as being interchangeable
with the regular notation, using the following simple correspondence. View the type
symbol “—" as an internal tree node with two children and a quantification “Vo™ as a
node label. A left-going path in a tree is a path containing no branches that descend to
the right. The left-most path of a type is the unique left-going path from the root of
the type to a leaf. A quantifier labelling a tree node owns a path if the type reached by
following that path from the node with the quantifier is exactly the quantified variable.
A “e” is used to indicate the presence of a node without specifying whether it is an
internal node or a leaf.

Let the A-term J be as follows:

J =l (Av.izo(yy)(yz))(ax Ka(x(xe)))(Awaww).

It is easy to check that there is a typing of J with the following giobal type environ-
ment:

A={v: Ly:Va(a—a)—(a—a)z:L — Lx:ax—ow: L}

We now discover a very useful fact. It is the case that in all derivations for J,
the A-term variables x, y, and v must be assigned essentially the same types. In other
words, there are invariant type assumptions for these variables. The analysis from here
through the end of the proof leads to this conclusion. Assume & is a typing for J/ and
we will prove that it has the desired properties.

In order for the subterm (ww) to be typed, the left-most path in the final derived
type of the first occurrence of w must be one edge longer than the left-most path in the
final derived type of the second occurrence of w. If the left-most path in the assumed
type for w is of length & and the type variable at the leaf at the end of this path is free
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or quantified at some position other than the root of the type, then the length of the
leftmost path in any derived type for w must also be k. Thus, the left-most path in the
assumed type for w must be owned by a quantifier at the root of this type. The same
holds for y, due to the subterm (yy). This is depicted as follows, where the arrow
indicates the existence of the variable to which it points at the end of a left-going path:

.y . Ya
Wi, y:op
¥ a

Because the abstraction over y is applied to the abstraction over x, the type assumed
for y must be of height larger than 1, which is depicted like this:

UERVAN

Combining the two diagrams gives this result:

Ya

ENAN
a
The type assumed for y must equal the final type derived for (Ax.Kx(x(xv))). The only
way there can be quantification at the root of the final derived type of this abstraction
is if the GEN rule is applied, because the type derived for an abstraction by the ABS
rule has no outermost quantifiers. Thus, an earlier type derived for the abstraction over
x looks like this, where « is a free variable:

(Az.Kz(z(zv))) : /\ (10)

a
Now temporarily suppose that the type assumed for x did not match the following
pattern, where the type variable « is free:

o 7 an

o
If the type assumption depicted in (11) did not hold, then the type variable at the end
of the leftmost path in the assigned type of x would be closed within that type. If
that were the case, then the derived type depicted in (10) could never happen. Hence,
(11) must depict the type assumption for x in any derivation.
Due to the subterm (xv), the type assumed for x must be of height larger than 1:

A

(e

Thus, the type assumption for y matches this pattern:
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Considering again the type assumed for w and how this type must be embedded in the
type assumed for z shows this:

A

Consider tge subterm (yz). The types assumed for y and z must be instantiated so that
the left subtree of the instantiation of the type of y matches the instantiation of the
type of z. Every instantiation of the type of z will match the pattern given in (12) for
the type assumed for z. Thus, the type assumed for v must be instantiated to match
this pattern:

(12)

A4 (13)
Yy 7
8
Now suppose the leftmost path in the type assumed for y is at least 3 edges long, in

other words suppose this:

Vo

a4

If this were the case, then the instantiation of the type assumed for y could never
match the pattern in (13) because a quantifier owning the leftmost path can not be
inserted at the necessary spot in the type in (13) by instantiation. Thus, the leftmost
path in the type of y must be exactly 2 edges long, and thus the leftmost path in the
type of x must be 1 edge long. Thus, both of these type assumptions must hold, where
o in the type of x is free:

Yo
'E /{\ LERAN
o e o

In the subterm (x(xv)), the final derived type for (xr) must be exactly a. Thus, the
type assumed for x must match one of these patterns, where « is free:

V@
T or T: A_ Or I:
a/\a a 3 a/\i

Suppose it were the second or third case, i.e., x:Vf.(x— ) or x:2— L. Then the
type assumed for y would have to match one of these patterns:

Yo
y:v/ﬂ/\ or y:/\ or y:/\
af «a o L« af «a
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However, then the subterm (yy) could not be typed. Thus, both of these type assump-
tions hold exactly in all typings of J:

Vo
Y I:a/\a
a oo

All that is left is to show that the type L (i.e., the type Vo.x) must be assumed
for v. In the subterm (xv), the final derived type of v must be exactly a«. In the
subterm (v(yy)), the final derived type of v must be an — -type. The only possible
assumed type for v that can yield both of these derived types is L. This is the desired
result. [

Lemma 6.4 (J» { 1,0 — o V.o— f—ua} in the A-calculus). There is a i-term J;
of the M-calculus such that the type environment & and J; induce the invariant type
assumptions (r - Voa)(x; :a—a), and (k :YV.a — f — a).

Proof. Let the A-term J; be defined as follows:

Ci = (Ayir(iyi ) yiGwww )W vi( Az Avi.ziv:)))
(A7 (xi(xir)ED)),

H = ((Zhr(x3(hxrxa (e r)(x2r)) )i (hxaxs (xar )(x3r)))0)
().al ./11)].)»6‘1 ./ldl.r(al(alcl ))(b](b[d] )))),

G = ((Agr(xi (g x2007)(x2r)) ) (x2(gxax; (X7 )(x 7)) 0)
(/laz.)hbz./lCz.Adz.az(hdzszzdz))),

L = ((Aer(er (ke (xy 7 )(x20))) o2 (k(x2r Y(x1 7)) )
(grr)),

Jr = (4r C[G[GIHIGLIAID-

Inspection reveals that J; is a term of the A/-calculus, because every variable that is
A-bound in J; occurs at least once as a subterm. Inspection also reveals that J; is a
closed term and thus all of its free variables (none) occur within the domain of the type
environment . It can be checked that the i-term J, is typable using the following
global type environment:

r: L yi Vo.((a— o) — (a— o)), Xpio; — o,
wi: L, Zi o — 0, v,

ap:fr— B, by:fr— P, c:p, di: pa,
ax: 3 — P, by:Ba—Ba,  c2:fs, da: fa,

h:Va(a—a)=V(f—B)—a— f—Vyy,
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g:Vou(a—a)—=Vh(f—p)—a—f—a,
k:Va— f—a

It turns out that little variation is possible from the types that were just given above.
Except for the types assigned to the variables v;, w;, y;, and z;, which can vary, the
only other possible variations in this type environment are in the naming of the free
variables, which may be renamed in a one-to-one manner, and in the types assigned
to the A-bound variables /# and g, where the quantifiers over the type variables f§ and
~ may occur in any position whose scope encloses their depicted position. Thus, the
term J; and the empty type environment induce the desired invariant type assumption
kYo — fi—a.

The explanation for the limited range of possible variation proceeds as follows.
At the base of the construction, the context C; is simply a variation on the /A-term
J from Lemma 6.3 which works in the A/-calculus. The triple nesting of contexts
C[CL[CA]] gives three invariant type assumptions x; @ o; — o; for 1€ {1,2,3} wherc
the type variables &, %>, and «; must be distinct because the GEN rule must be used
for each of them in three separate places. The context H uses the types of xy, x>, and
x3 to constrain the size of the type of 4 and to force certain leaves in the type of 4
to mention the same type variable. The context G further refines the type of & into
the type of ¢ which does not have a troublesome quantifier in the rightmost position,
Finally, the context L fixes the desired type for the variable £. Note that at cach stage.
the types of x;, x>, and x3 must be used to ensure the type being constructed does not
go out of control through unwanted used of INST. The proofs of the various facts just
mentioned are similar to the reasoning used in the proof of Lemma 6.3 and are left to
the reader.

It is worth observing that under f-reduction, an application KMN inserted inside
the above-constructed context will be eventually replaced by the /-term (r(r(r(rM))
(r(¥N))}). Because the type of r is |, no abstraction can ever be substituted for r in
reduction. Thus, the application AMN will have the type of M, but can never reducc
to M. L

Remark 6.5 (Adapting proofs for Al-calculus). Lemma 6.4 1is an alternative to
Lemma 6.3 which can be used to perform all of the proofs entirely within the /-
calculus. The important thing to note is that the invariant type assumption
(k : V.x— f— a) allows k to be used to simulate the K combinator, at least as
far as typability is concermned. By replacing every use of the combinator K in the
proofs by a free variable & which must be assigned the type V.x — i — 2, the proofs
can be adapted to work in the 4/-calculus. This adaptation, which is left to the reader
to perform, involves the following steps. Let C; = (#r.C[C2[C3[H[G[L]]]]]) using the
contexts defined in the proof of Lemma 6.4. This differs from J, only in the pres-
ence of a hole in C; where there is an occurrence of » in J;. It can be shown that
B.Cy > {k :Va— f— a} and that @f » {V.x — f§ — x}. Then the entirc sequence
of proofs in Sections 5 and 6 ending in Theorem 6.14 which shows ¢ » T can be
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replayed, using a free variable £ of type V.« — f — o in place of K, to show that
{Voa —  — o} » T and hence that ¢ » T. The key point is that this will yield a
witness for ¢ » T which produces contexts in which every bound variable has at
least one occurrence, regardless of what is later placed in the hole.

Lemma 6.6. The type environment A={x:o—av:L} and the i-term M=
((Ay.y)(xv)) induce the invariant type assumption (y : o).

Proof. Trivial. [
Lemma 6.7 (J » B). The empty set of types & induces the set of types B.

Proof. Let a;,a,... be an enumeration of V. Let B, = {L}U {o; —»a;,0; | 1 <j<i}.
Observe the following chain of reasoning:

ar{l} Lemma 6.3, Lemma 5.4 (5),
F» {og— o} Lemma 6.3, Lemma 5.4 (5),
gw {La—o} Lemma 5.4 (11),

{Liay— a1} » {1} Lemma 6.6, Lemma 5.4 (5),

{L,ay —a} » {L,o— a0} Lemma 6.6, Lemma 5.4 (7),
g {La —o,o}=0B Lemma 5.4 (10).

Let ¥, be a witness for ¢ » B;. Let R;; be a type-variable renaming which swaps
a; with o;. Let (P, i) =II(¥', g, (¥1)). Using Lemma 5.4(6) and (11), it holds
that if ¥’ is a witness for & » B;, then O(Y¥’,i) is a witness for & » B, ;. Invoking
Lemma 5.6 with ¥, and @ yields a witness ¥ for ¢ » B. O

Lemma 6.8. For any type © in U(k + 1), there exist a type environment A such that
RAN(4) CBUU(k), a A-term M such that FV(M)=DOM(A4), and a A-term variable
x € BV(M) such that A and M induce the invariant type assumption (x : 7).

Proof. Because this proof is long enough to take many pages, we will set off a number
of nested claims with somewhat self-contained arguments and interleave them with the
main course of argument.

Let 7 be the following type in U(k + 1):

T=Vp1— - =Py

Let S={o,...,a,} be a set of type variables such that n>2,1<g<n, and SO
FTV(p;) for 1<i<c. (There may need to be an extra type variable in S to meet
the requirement that n>2.) Observe that 7 is a closed type (because 1€ U(k+1)) and
Pi,..., Pc are open types.

From 1, a type environment A and a A-term M having the desired properties will be
constructed. In the course of this definition, a number of types, sets of types, A-terms,
and sets of A-terms will be defined.
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Define the following sets of types:

X={nl3peR nCp},
Y={¢—o|In(n—e)eX]},
Z={o;—a|1<i<n},
W=RUSUXUYUZ.
Let p....,u be a sequence of members of W with the following properties. First, j

mentions every member of W one or two times; it may mention a type p more than
once only if x€(SUZ)NR. Second, the subsequence yy.,..., Wy 1S exactly xy...., Ay

the subsequence g, y....,Ha, 1S exactly o — ..., ®, —d,, and the subsequence
it 15-- -5 My 18 exactly py,..., p.. Third, it must hold that » + ¢ <r. (This ensures
that the initial subsequence ..., a, does not overlap with the final subsequence
Hrmettaen s )

Claim 6.8.1. For c € RUXUY, it holds that parheight(c)<k.

Proof of Claim 6.8.1. Remember the definitions of parheight and height from Defini-
tion 6.1. For arbitrarily chosen type o, it hold that parheight (o)< height (¢)—1. Thus,
it is sufficient to show for o € RUXU Y that height (¢)<k+ 1. Because 1€ U(k+1).
it holds that parheight (t)<k 4+ 1. By the definition of parheight, for each p, € R, it
holds that height (p;)<k+1. Because every member of X occurs within some member
of R, for every ¥ € X it holds that height () <k+ 1. By the definition of Y, for every
type 0 € Y, it then holds that height(0)<k + 1. [

The type environment 4 is now defined on the A-term variables a, b.....b,. First,
let A(a)= L. Then, for each i€ {l,....r}, define A(b;) in terms of the type p, =W
as follows:

U if yye(SUZ),
A(b;) = .
(bi) { Yoy — -+ —a, —; otherwise.

Claim 6.8.2. It holds that RAN(A) C BUU(k).

Proof of Claim 6.8.2. Observe that A(¢)= L € B. The two cases in the definition
of A(b;) for 1 <i<r are handled separately. In the first case, A(b;)) =, €(SUZ)CB.
In the second case, A(b;)=V.o — -+ — %, — ;. By the definition of W and the fact
that @, € W — (SUZ), it holds that 1; €« (RUXUY). By Claim 6.8.1, it holds that
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parheight(u,)<k. If k=0, then y; €S, a contradiction. 1If k=1, then it holds that
parheight(V.a; — - -+ — a, — ;) <k, which in turn implies 4(5;) € U(k). [

Now define the pieces of the A-term M. First, for 1<i<r and A€ {0,1} the i-term
Q! will be defined. In this definition, let the function m on natural numbers be defined
so that m(i,2)=(((i + h) — 1) modn) + 1. (“mod” could be used more directly except
that the set S is indexed starting with 1.)

(i) if ui=uay,
lﬁ = bn+m(_/,h) if = oy — &,
(bibm(i.ny - - bmgnny) otherwise.

Claim 6.8.3. Using any extension of the type environment A, for 1 <i<r and h€{0,1},
it holds that FDT(Q")=R"(w;) where R* ={a; — o, 1y| 1 <j<n}. (Note that RO is
the identity substitution.)

Proof of Claim 6.8.3. Recall that the first n elements of [i are o;,..., o, (the elements
of S) and that the second n elements of ji are o) — oy,...,0, — «, (the elements of
7). First, consider the case where QF = b; for some j<2n. It is clear that the GEN
and INST rules cannot be used because A(b;) is open so that FDT(Q!) =A(b;). It can
be checked that this is the type specified by the claim. Second, consider the case
where Q% = (bibm(1.1)* * * bunin,ny). Remember that A(b;) =V.a; — -+ — &, — ;. Above
we have just shown that FDT(b,y ;. 4)) = ttmq . 1). Without loss of generality, assume that
the subderivation for the subterm Q! obeys the INST-before-GEN property. Thus, in
typing b;, the INST rule must be used to eliminate all quantifiers. The GEN rule can
not be used after that, because it would prevent typing the application (b;b,,1,4). There
can not be any subsequent uses of GEN or INST without violating the INST-before-
GEN property. Thus, it must hold that FDT(8;) = 1.4y — -+ — Gmenny — S(p; ) for
some substitution S. The only possible S to achieve this result is R". [

Now, define the set P of i-terms:

ﬁ:{(zh(zizj)) | 0, meW. gy =p; —6 and p,=0—n}.

Let Py,...,P; be an arbitrarily chosen enumeration of B. Most of the pieces of the
A-term M are now present.
Define the A-term M using the subterms defined above. The variables zy,...,z, which

are free in the subterms Py,...,P, will be captured by bindings within M. The free
variables of the subterms Q7,...,Q° and Q},...,Q! will be free in M.

¥

N = }{—Fg(erj-;c+l T Qr/ )
N = (121 .. ~z,‘.Kz_,,(aP1 . P,)),
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c—1

N’ = ((Auw.a(ub, 1)) (u(xa - a))iv.a(b, . (va)))),

M = ((2y.aM’M' ((jx.aN°N'N’)

(yva---a)))
N).

Inspection reveals that FV(M )= {a.b,,....b,} = DOM(A).

To help readers (including the author!) better remember the above definitions, we
list for reference the definitions of the natural numbers ¢, g, &, n,r, and s, which might
otherwise be hard to find in the details:

¢ The largest index of the components § of T mentioned at the beginning of the
proof which all belong to the set R.

g The index of a, €S where «, is the rightmost component of 7.

k The parameter in U(k) which limits the value of parheight for members of the
range of the type environment 4 which do not belong to B.

n The largest index of the set S of V-bound type variables in t.

r The largest index in the special enumeration g of types in W.

s The largest index in the enumeration of P.

The type environment 4 and the A-term M have now been defined and it has been
shown that FV(M)=DOM(4) and RAN(4)C BUU(k). Let R’ be a type-variable
renaming which maps the members of S to fresh names. It can be easily checked that
M is typable under the type environment 4 with a global type environment including
the following additional type assumptions:

X1,
B A e Tl TR
z R'(p) for 1<i<r,

W BB — 21—,
v:f—a.

The rest of the proof of this lemma shows the final condition necessary for 4 and
M to induce the invariant type assumption (x : t): for any typing & for M with final
type environment 4 it holds that (49(Z2))x) = R(t) where R is a type-variable renaming
such that R(4)=A. In fact, no renaming is necessary because the type 7 is closed.

Throughout the rest of the proof, consider some arbitrarily chosen typing & of the
A-term M using the type environment 4. For any term variable w that occurs in the
A-term M, remember that %(w) stands for the type assumed for w in the derivation
D, ie., G(w)=(9(2))(w). If we refer to a subterm’s “typability”, we mean whether
it can be typed using the type assumptions of %(%).
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Claim 6.8.4. The types 4%(x) and 9(y) are closed. Furthermore, no quantifiers are
embedded in these types to the left of an arrow or to the right of more than j arrows,
where j=c in the case of 9(x) and j=vr in the case of %(y).

Proof of Claim 6.8.4. We consider only %(y) as the case of %(x) uses exactly the
same reasoning.

It is impossible for there to be a free type variable « in the type %(y) at a position
exactly to the right of i arrows where i <r, because then (yQ) - -- Q") would have type
&, which would make (yQ?--- Q0" ) untypable.

Now, observe that for i€ {1,...,7}, by Claim 6.8.3. the final derived types for QY
and Q] are both open (have zero bound variables) and yet do not match in any position.

Suppose there were a free type variable in the component of %(y) to the right of
r arrows. Then this free type variable would still be present in FDT(yQ! --- Q") for
he{1,2}, and at most one of M® or M' would be typable, a contradiction.

Suppose there were a quantifier properly inside (not at the root of) the compo-
nent of 4(y) to the right of r arrows. Then this quantifier would still be present in
FDT(yQ!--- Q") for he {1,2}, and neither M° nor M' would be typable, a contra-
diction.

Suppose there were either a quantifier or a free type variable in the component of
%(y) reached by going to the right of i arrows and then to the left of one arrow where
i<r. Then at most one of the application subterms (yQf - Q"Q% ) for he{1,2}
could be typed, a contradiction. [l

Without loss of generality, assume that the subderivation of & for the subterm
N satisfies the INST-before-GEN property of Definition 3.1. This does not harm the
proof because the final sequent of the new subderivation is the same as for the old
subderivation. The only type that must be proved to be constrained in & is the type
%(x) which this assumption does not affect because the A-binding of x occurs in a
separate part of the A-term M.

Claim 6.8.5. It holds that
G(y)=FDT(N)=Vh.%(z))— -+ — -+ = VB.9z,) > Vfri1.T

for some t' and some sequences of type variables f,..., Br.1.

Proof of Claim 6.8.5. Because %(y) is closed, the assumed type %(y) must be the
same as the final derived type for the subterm N. The type inference rules of System F
and the shape of N allow us to impose some general constraints on the shape of the
type FDT(N). Using the INST-before-GEN property assumed for the subderivation
for N, we can deduce that the INST rule is not used between typing the subterm
7z, Kzy(aPy - - - Py)) and finishing the subderivation for N. The claimed shape of %(y)
follows. O
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Let R be the substitution [« :=%(z,),..., o, ;= 4(z,)].
Claim 6.8.6. It holds that RAN(RYC 'V and that 9(z;)=R(1;) for 1 <i<r,

Proof of Claim 6.8.6. First, observe that typing the subterm M° requires that the
tree of the type %(y) can not be larger than the tree of the type uj — -+ — u, — .
Thus, by Claim 6.8.5, the type %(z;) does not have a larger tree than g, for 1 <i<r.
By Claims 6.8.4. and 6.8.5, the type %(z;) must be open for 1<<i<r. Thus, it is clear
that R(a;) is a variable for 1 <i<n.

The rest of the proof proceeds by induction on the size of y;. In the base case,
consider p; =2, for some j€ {1,...,n}. By definition, ¥(z;,)=R(«,). By definition,
there are subterms (z;.,z;) and (z,,,z;) (identical if i=/) among the members of
P. Because all of the types in question are open, we know there are no uses of
INST or GEN in typing these subterms. Hence, %(z;) =%(z;) and the base case is
done. For the induction case, consider u; = u; — pt;. (The type y; can be decomposed
that way because W is closed under type components.) There is a type 1, € W such
that pu, =u, — ¢ for some ¢. There are subterms (z;(z;z;)) and (zyz,) in P. By the
induction hypothesis, %(z,) = R(y;) and %(z,)=R(us). Thus, because INST and GEN

can not be used in typing these subterms, %(z;)=R(y;).

Claim 6.8.7. It holds that
%(y)=FDT(N)=Vf.9(z))— -+ — Y,

g(zn) i g(zn+l ) 2 g(zr‘) - g(zt/)

Proof of Claim 6.8.7. We show that the GEN and INST rules may not be used in
certain positions in the subderivation of & for the subterm N. Let B be the type
environment

B={z, : 9(z1),...,2, : ¥(z.)}.

The initial sequent in the derivation & for the subterm z, must look like this for some
type environment C:

AUBUC F z, 1 9(z,). (14)

Because 1<g<n, it is clear that FTV(%(z,)) CFTV(B), and thus the GEN rule can
not be used with sequent (14). The INST rule also can not be used because %(z,)
is an open type. Thus, (14) is the final sequent for the subterm z,. The final derived
type for the subterm K must be ¥(z,) — ¢ — %(z,) for some type ¢ which does
not matter. By similar reasoning as above, the GEN and INST can not affect the
portions of this type that are equal to %(z,). Thus, the initial and final derived type
for the subterm (Kz,(aP, ---P,)) must be exactly %(z,). Now consider each subterm
(Azi -z, Kz (aPy - - - Py)) for n+1<i<r+1. A simple induction shows that the initial
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and final derived types for each of the subterms are the same, i.e., that the GEN and
INST rules are not used for these subterms. (The GEN rule can begin to be used
above this point, and all free type variables must be quantified by the end of the
subderivation for N.) The base case of i=r + 1 is already shown. Consider the case
where n + 1 <i<r. By induction and one use of the ABS rule, the initial sequent for
the subterm must look like this for some type environment C:

AUBUCH (Az; -+ 2,.Kz(aPy - - Py)) : 9(z)) = -+ — 9(z,) — D(z,).

For 1<Ah<r, because %(z;)=R(u;), it holds that FTV(%(z,))=FTV(R(1tx))=
R(FTV(up)) CR(S)={%(z\),...,%(z,)} =FTV(B). Thus, the free type variables

FTV(%(zi)— -+ — %(z,) — %(z,))

are also free in the type environment B. Because this type is also completely open,
neither the GEN nor the INST rules can be used for this subterm, and the induction
is complete. The rest of the proof follows from earlier claims. [

Claim 6.8.8. If 1 <i<j<n, then 4(z;)# %(z;). Therefore, the substitution R is one-
to-one.

Proof of Claim 6.8.8. Suppose i+ j and %(z;) = %(z;). Then the corresponding posi-
tions in %(y) would have the same type variable. Hence, in the typing of (yQ9 --- 09),
the subterms QY and Q? would have to have the same type, contradicting the fact that
FDT(Q?) = o # o; :FDT(Q_?) (by Claim 6.8.3). [

We have now shown that there is a substitution R such that R(u;)=%(z;) for
1 <i<r. Thus, we can conclude that the type %(y) must have the following shape:

Y(y)= vB‘l-R(a‘l )— o — VB,,.R(O(,,) — R(pys1)— - = R(u,) —’R(O‘g)

Because the type %(y) must be closed, the set of type variables | J; ., ., fB; must contain
every member of the set of type variables R(S). By a-conversion on types and Claim
6.8.8, we obtain that the type %(y) may also be written as follows, where for 1<i<n
it holds that R(y;)= ﬁ:

g(y):v:}-;lal — _—)V?‘n"xn—'),uIH% e Ty

At this point, we know as much about the type %(y) as is possible. It is time to
consider the type %(x), which we desire to show to be exactly the type 7.

Recall the subterm (ya---a) of the A-term M, in which there are » — ¢ copies of
a in the subterm. Remember also that #» + ¢ <r. Recall that the type assumed for a is
L, so each subterm a can take on any derived type. Therefore, the final derived type
of the subterm (ya- - -a), which equals the type %(x), must look like this

G(x) =0T (1) — -+ = T(u) = T(a), (15)
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where T is a substitution such that DOM(T)=FTV(R)U {,} and {0} = FTV(RAN(T))
(because %(x) must be closed by Claim 6.8.4). Recall that for 1 <i<c it is the case

that p,_..; = p;. Thus, the type (15) is the same as this:
G(x)=Y0.T(p1)— - — T(p.)— T(2,). (16)
Claim 6.8.9. In the subderivation for the subterm (Q), (xOY_ | -~ OY)). it holds that

FDT(x)=p) — - — p, = S(T(2,)) for some substitution S such that S(T(py))=ps
for 1<h<c.

Proof of Claim 6.8.9. Without loss of generality, assume that the subderivation for this
subterm satisfies the INST-before-GEN property. Because x is applied to Q" |, the
subterm x must be typed by VAR followed by one or more uses of INST, with-
out using GEN at all. Therefore FDT(x)=S(7(p,))— - —=S(T(p.)) — S(T(x,))
for some substitution S by the known shape of %4(x) in (16). By Claim 6.8.3, it
holds that FDT(Q,_..4)=p; for 1<h<ec. We prove by induction on he {l1....,¢}
that FDT(xQ)_ ., ...0% ., )=S(T(ps))— - —S(T(p.))— S(T(2,)) and that
S(T(p1))= ps. In the base case where h =1, the subterm (xQ?_ ... Q% _, ) is sim-
ply x, and the result about FDT(x) has been presented above. It is clear that typing the
application to Q,_.. requires that S(T(p,))= p,. For the induction case where h=>2,
by the induction hypothesis and the APP rule, IDT(xQ"_ _,...0" , )=S(T(ps))
— -+ =S8(T(p.))— S(T(ay)). Because this type has no outermost quantifiers, there
can be no uses of INST and GEN and hence the final derived type is the same. It

holds that S(7'(p;))= py for the same reason as in the base case. ]
Claim 6.8.10. Ir holds that RAN(T)C V.

Proof of Claim 6.8.10. By Claim 6.89, it holds for x in the subterm ( v

ney

(xQ" - Q%) that FDT(x)=p; — -+ — p, — S(T(a,)) for some substitution S.

r—ct1

This would be impossible if T(x;) ¢ V where x; € FTV(R). This shows that 7(x;) € V
for ic({1...., n} —{g}).

Consider now the subderivation for the subterm N’:

c—1

N’ = ((Aua(ub, W u(xa- - a))Yrv.a(b,. (va)))).

1t holds that %(v) is open, because otherwise there would be one or more quantifiers
embedded in %(u) at positions preventing the typing of the subterm (ub, ;). Further-
more, the tree of %(v) may not be larger than f— f’. To type the subterm (b,..1(va)),
it must hold that FDT(va) = «;. Thus, 4(v) = f; — 2, for some type variable . Thus,
%(u):\fg.([fﬁ «)— 1’ for some type 7 and some sequence of type variables 3 such
that o %{5} In order to type the application (u(xa---a)), by considering %(u) it
must hold that FDT(xa---a)=1 — o, for some t’. By considering the subderivation
for (xa---a) and using similar reasoning to that in the proof of Claim 6.8.9, it must
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hold that FDT(xa - - -a)=S8(T(p.) — T(a,)) for some S. This can only happen if T(«,)
eVv. O

Claim 6.8.11. If 1<i<j<n, then T(5;)# T(a).

Proof of Claim 6.8.11. By Claim 6.8.9, it holds for x in the subterm (O, (xQ"_._ -
Q%) that FDT(x)=p — - —p,—S(T(ay)) for some substitution S
such that S(7(px))=ps for 1 <h<c. Suppose for 1<i<j<n that T(o;)=T(a;). We
consider two cases.

Consider first the case where g € {i,j}. Without loss of generality, consider only
the case where i =g, as the reasoning where j=g is identical. Let = T(o;)=T(x;)
(using 6.8.10). Because j # g, it holds that a; e FTV(p,) for some k€ {1,...,c}. Fur-
thermore, S(7(p;)) = py, implies T o S is the identity on FTV(p,). Thus, S(f) = a;, im-
plying that S(T(x,)) = ;. However, this implies that FDT(xQ"___, - - - Q%) = «; which
conflicts with FDT(Q,.,) =a, — a, (by Claim 6.8.3), a contradiction.

The case where g ¢ {i,j} uses similar reasoning, but is simpler. [J

Using the results we have so far, we obtain by a-conversion on types that the type
%(x) in (16) may be written as follows, where T(£)=o:

G(x)=VEp — - — p.— 0.

Comparing this with the definition of 7 reveals that %(x)=t. This is the desired result
which finishes the proof of Lemma 6.8. [

Lemma 6.9 (B» BUU). The set of types B induces the set of types BU U.

Proof. The proof of Lemma 6.8 yields a method for constructing from any ¢ such that
7€ U(k+1) a term and a type environment with types from B U U(k) which together
induce the invariant type assumption (x:7). The proof of Lemma 5.4(5) together with
the method already mentioned allows constructing an algorithm Q such that (z) is a
witness of B U U(k)» {1} for any k such that t € Uk + 1).

Let 7/,12,... be an enumeration of U such that parheight(t;) < parheight(t;,,) for
any i. Let U/={ty,...,7;}. Observe that Q(t;;,) is a witness for B U U;» {7;,1}.
Observe that U; ={L1} CB and let ¥, be a witness for B» B U U,. Let @(¥',i)=
H nain( ¥, Hee1¢ (2(7:41))). Invoking Lemma 5.6 with ¥; and © yields a witness ¥ for
BrBUU. O

Lemma 6.10. For any type t in C(k+ 1), there exist a type environment A such that
RANA) cBUUQR)UC(k), a A-term M such that FV(M)=DOM(4), and a Ai-term
variable x e BV(M) such that A and M induce the invariant type assumption (x:1).

Proof. Let 7 be the following type in C(k + 1):

T:VE?-PI "’v‘g_2)p2 - 'vﬁ-ps~l —"VS_s’Ps
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where p, is a type variable and each occurrence of “%& " for 1 <i<s is a sequence of
type variables. Let {«,...,a,} be a set of type variables, let f be a non-decreasing
function, let f'(i)= f(i + 1) — 1, and let ¢ be a natural number such that all of the
following hold:

1. n=2.

2. f()y=1.

3. For 1 <i<s, it holds that & is Xfiye--es pr(i)e

4. p,=ua, where 1 <g<n.
Note that f’(s) may be less than n to allow n>2 to hold. The set {&} and function f
can be found by choosing an appropriate representative of the x-equivalence class of 1.
Because T € C(k + 1), it is the case that T has no free type variables, 1.e., FTV(1t)= .

From 7, a type environment 4 and a A-term M having the desired properties will
be constructed. In the course of this definition, functions, sets of type variables. and
s-terms will be defined.

Define the type environment A as follows. Let the function m on natural numbers
be defined so that m(i, h) =((( + #) — [)mod n) + 1. For 1<i<s, add the following
type assumptions to A:

Ale;) = V(y—0)—oy— - —apy—f—y if pj= L,
VUV = =y — otherwise.

Ae) =Y oy — = apin = f—=7)—>7,

Ald) =Ty — - == (Ao = = A= o 01) = o
(The first case of A(e;) above and O; below is only needed when £ =0 to avoid
requiring an environment type from C(k + 1)=C(1).) For | <i<n, add the following
type assumptions to A:

A(bj) = a;,

A(byi) = o — ;.
Finally, add these type assumptions to A:

A(a)= 1,
Alg)=VYy—(y—d)—0—=f—7.

A(p) =Y By —=71) = (Ba— )= fs— (71— 12)

It can be checked that the range of the type environment 4 lies within the set BU U(2)
UC(k).

The following definitions are pieces that will be assembled to form the Ai-term M.
Define the following A-terms for 1<i<s and for € {0,1}:

_ { (ei(Bma(byw)(bwy))) if pi= L,

] =

€ otherwise,
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h —
Ul =0gz1 . .zpibmipavrymy - -bmiry. s

7;=U"

i

T; ifi=s,
P,‘E
(pTiNi,) for 1<i<s,

{ Busmgay if f())<g<[f'(s),

a otherwise,

wh=

Ol = WhwUl | a).. (UL, a)),
VE=(diburirn - bun(rrinmti)s
N; = (G gleiu)(Ave.aQP O )aV v ))

(Azpiy - - 2p0)-Pi))-

Finally, define M =N, and x =v,. Inspection reveals that FV(} )= DOM(4).

The type environment 4 and the i-term M have now been defined and it has been
shown that FV(#/)=DOM(4) and RAN(4)C BU U(k). Let R’ be a type-variable
renaming which maps the members of {&} to fresh names. It can be easily checked that
M is typable under the type environment 4 with a global type environment including
the following additional type assumptions where 1<i<s:

wi: L if pi= L,

z; : R'(a;) for 1<j<n,

up i R'(VE apiy— - —apin—L—=pi—=Ve.pa— - —Ve1.p, 1 -V e p5),
v i RVE pi — - = Ve 1.ps—1 — Ve .ps).

To prove that the type environment 4 and the A-term M together induce the invariant
type assumption (x:7), what remains to be shown is for any particular derivation &
that ends with a sequent 4 - M :¢ for some type o, that there is a type-variable
renaming R such that (9(2))(x)=R(t). Because 7 is closed, R(7) =1 for any R.

Let 2 be some derivation ending with 4 - M : ¢ for some type o. Without loss of
generality, assume that every subderivation of & which does not contain the binding
“Av,” satisfies the INST-before-GEN property. There is a type-variable renaming R such
that the following type assumptions and derived types must occur in & for 1<i<s
(where [ denotes some unknown type which does not matter):

Y(wiy=1L ifp;= 1,
FDT(U},)=01—8(p;) for 0<j<i and he {0,1},
R(o) if 1<k<f(i),

where S(oy )=
Uiy I S+ 1)<k <n,

FDT(T;) =0 — R(p)),
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RO = p; = Vem i pist = - — Vo 1.po) — Ve .p,) if i<s.
R(E3— py) if i =y,

G(z)=R(a;) for I<j<n,

FDT(P,) = {

Gu) = ROVBY & ap— - =2 —0=p = Vet piey
= Ye o =Y )
where ﬁ can occur only in [J,
G =ROVE pi — - = Ve peoy — VE PO,
FDT(N)) = RO— Y& .p; — -+ — Vo, .py_1 = V& 00).

The explanation for these facts proceeds as follows. First, in many places that types
of the shape [J— ¢ are formed where ¢ is the type of interest. The construction does
this to prevent the outermost quantifiers of o from being altered. Second, the subterm
U,-f’]- is used to provide the type p;, subject to a particular renaming. It is parameterized
because differently renamed versions of p; are used in different places. Third, the
application of p is used to join two types whose outermost quantifiers are protected
by the “[J— " technique. Fourth, the constraints imposed by (aVV,') for 1 <i<s are
used to ensure that the types %(z;) for 1<;<n are all distinct type variables. Fifth,
the application (c;u;) temporarily exposes the root of the type being constructed to
allow the GEN rule to be used. The constraints imposed by (aQ°Q!) ensure that all
of the necessary uses of GEN occur and the only uses of INST that occur merely
rename the variables distinctly. The application of ¢ is used to move the types around
appropriately for this.

The details of why these various technique work are omitted because the techniques
are similar to Lemma 6.8. Also, the result of this lemma is not necessary for the main
result (Theorem 6.16), because it is only necessary to simulate instances of TC with
universal types to prove the undecidability of Typ.

It is simple to check at the end that the type %(v;) is exactly 7, which is the desired
result. [J

Lemma 6.11 (BUU» BUUUC). The set of types BUWU induces the set of types
BuUUC

Proof. The proof proceeds as in Lemma 6.9, except that Lemma 6.10 is used instead
of Lemma 6.8. [J

Lemma 6.12. For type t in T, there exist a type environment A such that RAN(4) C
BUC, a A-term M such that FV(M)=DOM(4), and a i-term variable x e BV(M)
such that A and M induce the invariant type assumption (x: 7).
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Proof. Let 7 be an arbitrarily chosen type in T. Let FTV(t) = {ay,...,a,}. Define o
so that

o=Vo— - =, — -1

Define the type environment 4 as follows. For 1<i<n define A(b;)=¢;. Define
A(c)=a. Define A(d)=V.(y — ;) — (6, —> 7) — 3. It is clear that RAN(4)C BUC.
Define M as the A-term M = (d(Jxx.x)(¢b; - - - by,)). It can be checked that the type en-
vironment 4 and the A-term M together induce the invariant type assumption (x:7). [

Lemma 6.13 (BUC» T). The set of types BUC induces the set of types T.

Proof. The proof proceeds as in Lemma 6.9, except that Lemma 6.12 is used instead
of Lemma 6.8 and that the proof is a bit simpler. [

Theorem 6.14 (5 » T). The empty set of types & induces the set of all types T.
Proof. By Lemmas 6.9, 6.11, and 6.13 together with Lemma 5.4(10). (]
Theorem 6.15 (TC<Tyr). TC in F is reducible to Tyv in F.

Proof. The following sentences describe a method for constructing an instance of Typ
from an instance of TC. Consider an instance of TC in which it is asked whether the
sequent A+ M : 1 can be derived in F. Let the type environment B=4U {z:7— L}
where z is a fresh variable. Using Theorem 6.14 and Definition 5.3, construct (ef-
fectively) a context C such that J, C>B. Without loss of generality, assume that
BV(M)N V(C)= . To show that TC has been reduced to Ty, it is sufficient to
show that AF M :7 is derivable if and only if C[zM] is typable. Each direction is
checked separately.
(=) Suppose A-M:7 1s derivable. Then BF:zM: L is derivable. By Definition
5.2(1), @+ C[zM]: o is derivable for some type a.
(<) Suppose A’ C[zM]: ¢ is derivable for some type environment 4’ and type o.
Then J+ C[zM]: o is derivable, because FV(C[zM])=5. By Definition 5.2(2),
it holds that R(BYUEFzM : p is derivable for some type-variable renaming R,
type environment £, and type p. Because FV(zM ) C DOM(B), there must be a
derivation & ending with R(B)FzM : p. A step in 2 must be

R(B)Fz:R(t— 1) R(BYF-M : R(7)
R(BY)FzM : L APP.

Because z ¢ FV(M), there is a derivation 2’ ending with R(4)+ M :R(t). The re-
sult of applying R~' to &’ is also a valid derivation and it ends with AFM :7. [

Theorem 6.16 (Main result). Typ and TC in System F are of equivalent difficulty and
are both undecidable.
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Proof. Recall that Tvp easily reduces to TC [2] and that SUP is undecidable [19].
Then the result follows from Theorems 4.1 and 6.15. [J
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